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§1. Introduction 


Major part of this work leans on the work of [5]. There are some new results using isomorphism 


theorems with some results in [5]. 


§2. Preliminaries 


Definition 2.1 Let X be a non-empty set. A fuzzy subset yu of the set G is a function 1:G— 
(0, 1]. 


Definition 2.2 Let G be a group and pw a fuzzy subset of G. Then p is called a fuzzy subgroup 
of G if 


(i) (xy) 2 min{y(x), u(y); 
(i) wa") = wa); 
(iit) is called a fuzzy normal subgroup if u(ay) = u(yx) for alla andy in G. 


Definition 2.3 Let G be a group and ws a fuzzy subset of G. Then ps is called an anti fuzzy 
subgroup of G if 


(i) u(y) < max{u(x), u(y) }: 
(ii) w(a*) = w(2). 


Definition 2.4 Let ys and X be any two fuzzy subsets of a set X. Then 
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(i) A and pw are equal if u(a) = A(x) for every x in X; 
(it) A and pw are disjoint if u(a) 4 A(x) for every x in X; 
(iit) AC pe if w(x) 2 A(x). 


Definition 2.5 Let yw be a fuzzy subset (subgroup) of X. Then, for some t in [0,1], the set 
fn = {x © X: p(x) > t} ts called a level subset (subgroup) of the fuzzy subset (subgroup) pL. 


Remark 2.5.1 The set ju; if it is group can be represented as Gr. 


Definition 2.6 Let be a fuzzy subgroup of a group G. The set H = {x eG: p(x) = p(e)} is 
such that o(js) = o(f). 


Definition 2.7 Let y be a fuzzy subgroup of a group G. ys is said to be normal if sup p(x) = 1 


for allx in G. It is said to be normalized if there is an x in G such that u(x) = 1. 


Definition 2.8 Let G be a group and ws a fuzzy subset of G. Then ps is called an anti fuzzy 
subgroup of G if and only if w(ay~') < max{p(zx), u(y)}, and p is called an anti fuzzy normal 
subgroup if u(xy) = w(yx) for all x and y. 


Definition 2.9 Let u be a fuzzy subset of X. Then, for t € [1,0], the set w= {x € X : p(x) < 
t} is called a lower level subset of the fuzzy subset p. 


Definition 2.10 Let uw be an anti fuzzy subgroup of X. Then, for t € [1,0], the set uy, = {a € 
X : p(x) < t} is called a lower level subgroup of yw. 


Definition 2.11 Let yu be an anti fuzzy subgroup of a group G of finite order. Then, the image 
of w is Im(p) = {t; € Ls p(x) =t; for some x inG}, where I = (0,1). 


Definition 2.12 Let w be an anti fuzzy subgroup of a group G. Fora in G, the anti fuzzy coset 
au of G determined by a and wu is defined by (apu)(x) = u(a~tx) for all x in G. 


Definition 2.13 Let yu be an anti fuzzy subgroup of a group G. Fora and b in G, the anti fuzzy 
middle coset aub of G is defined by (ayb)(x) = p(a~'xb-') for all x in G. 


Definition 2.14 Let yu be an anti fuzzy subgroup of G and an element a in G. Then pseudo 
anti fuzzy coset (ay)? is defined by (ay)?(x) = p(a)u(x) for all x in G and p in P. 


Definition 2.15 The Cartesian product X x w: X x Y — [0,1] of two anti fuzzy subgroups 
is defined by (A x p)(a,y) = max{X(x), u(y)} for all (a,y) in X x Y and Ry is a binary anti 
fuzzy relation defined by Ry(x,y) = max{X(x), A(y)}. The anti fuzzy relation Ry is said to be 


a similarity relation of 
(i) Ry(w,x) = 1; 
(it) Ry(w,y) = Raly,@); 
(iii) max{R)(x,y), Ryly, z)} = Ry(a, z). 


Definition 2.16 Let G be a finite group of order n and uu a fuzzy subgroup of G. Then for 
ty, to in [0,1] such that ty < te, ui, C pe, - 
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Definition 2.17 Let G be a finite group of order n and pw an anti fuzzy subgroup of G. Then 
for t1, te € [0,1] such that ty < te, ue, C bey. 


Definition 2.18 Let f be a group homomorphism from a group G to H. Then there is an 


isomorphism @: f(G) > G/Kerf, where ¢ is the canonical isomorphism associated with f. 


Definition 2.19 Let G be a group and H, K normal subgroups of G such that H < K. Then 
there is a natural isomorphism G/K = (G/H)/(K/H). 


Proposition 2.20 Let G be a group and us a fuzzy subset of G. Then ps is a fuzzy subgroup of 
G if and only if Gi, is a level subgroup of G for every t in [0, u(e)], where e is the identity of G. 


Proposition 2.21 H as described in 2.6 can be realized as a level subgroup. 


Theorem 2.22 G is a Dedekind or Hamiltonian group if and only if every fuzzy subgroup of 
G is fuzzy normal subgroup. (A Dedekind and Hamiltonian groups have all the subgroups to 


be normal). 


§3. Briefly on Properties of Anti Fuzzy Subgroup 


Proposition 3.1 Any two pseudo cosets of an anti fuzzy subgroup of a group G are either 


identical or disjoint. 


Proof Assume that (ay)? and (bu)? are any two identical pseudo anti fuzzy cosets of wu 
for any a and b in G. Then, (aj)?(x) = (bu)? (a) for all x in G. Assume also on the contrary 
that they are disjoint. Then, there is no y in G such that (ay)?(y) = (bu)?(y) which implies 
that p(a)u(y) # p(b)u(y). The consequence is that p(a) 4 p(b). This makes the assumption 
(ays)? (@) = (by)? (a) false. 

Conversely, assume that (aj)? and (bu)? are disjoint, then p(a)u(y) 4 p(b)u(y) for every y 
in G. But if it is assumed that this is also identical, then p(a)u(y) = p(b)u(y) and that means 
p(a) = p(b) so that p(a)u(y) 4 p(b)u(y) cannot be true. 














Proposition 3.2 Let y be an anti fuzzy subgroup of any group G. Let {y;} be a partition of 
pu. Then 


(i) each 4; is normal if u is normalized; 


(it) each p; is normal if 4 is normal. 


Proof Note that for each i, ; C ps which implies that p;(a2) < p(x) for all x in G. 


(i) Since yz is normalized, there is an x in G such that p;(x) < u(x) < p(ao) = 1 for each 
i. Whence, j4;(a~) < 1. Then sup pi; (a) = 1. 
(it) Since wz is normal, sup u(x) = 1, then u(x) < 1. Note that pi(x) < u(x) < 1. Then 











pi(x) <1 and supypi(a) = 1. 





Proposition 3.3 Let yw be an anti fuzzy subgroup of any group G. Then p(e) <1 even if p is 
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normalized. 


Proof Note that for all z in G,0< p(x) <1. 


u(e) = p(aa—') < max{p(a), u(x~")} = p(x) since (x) = (a) for all x in G. 


But since yw is normal, there is an x in G such that p(e) < w(x) < p(x) = 1. Hence 
p(e) <1. 














Proposition 3.4 Let be an anti fuzzy subgroup of any group G and R, : G x G — [0,1] be 
given by Ry (x,y) = w(xy~'). Ry is not a similarity relation. 


Proof The reference [4] has shown that this is a similarity relation when wp is a fuzzy 
subgroup of G. But 
Ry (x2) = (we) = ple) <1. 














R,, is not symmetric, hence not a similarity relation. 


§4. Application of Issomorphism Theorems of Groups to Fuzzy Subgroups 


Proposition 4.1 Let f be a group homomorphism between G and H. Let uu be a fuzzy subgroup 
of H. Then G is isomorphic to a level subgroup of H. 


Proof Since f is a homomorphism, it is defined on G. 
Ker f={e€G: f(x) =en} @ {2 € G: uf(a) = wen) < 1}. 
Hence, f(a) <1 for all x in G since p is a fuzzy subgroup of H and f(z) is in H. 
Ker f =G so that pf(G) <1. 


Also, note that 
f(G) = ty = fw) € A: wf(a) = wy) = lew) }- 
By 2.21 and 2.6, f(G) is a level subgroup, say Hj, of H. 


G/G=G= Ht 





by Definition 2.18. 











Remark 4.2 It can be said then that every group G is isomorphic to a level subgroup of a 
group H if there is a group homomorphism between G and H and yu a fuzzy subgroup of H 


exits. 


Proposition 4.3 Let G be a Dedekind or an Hamiltonian group and wu a fuzzy subgroup of G. 
For t1,t2 € [0,1] such that ty < tz and G/G4,, = (G/G},,)/(Gi,,/G5,,)- 
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Proof By Proposition 2.20, G{,, and G5, are subgroups of G and by Theorem 2.22, they 
are normal subgroups. Also by Definition 2.16, 
Go, < Gi. 
Then, f : G/G),, + G/G},, is a group homomorphism and 
Im(f) =G/Gi, if f(9@5,) = 9Gi,- 


Also, it can be shown that Ker f = G{,,/G,.- 
Then apply Definition 2.19 so that G/G‘,, = (G/G5,,)/(t1,,/G,.)- 














Remarks 4.4 It is equally of note that if 4 is an anti fuzzy subgroup of a group G, 
for t) < ta, Gin < Go, 


by Definition 2.17. 
Following the same argument as in Proposition 4.3, 











G/Gy, = (G/Giy)/(Gay/Gi,)- 
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and inclined partially null curves in Semi-Rieamannian Space Ej are presented. 
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§1. Introduction 


The partially null curves, lying fully in the Minkowski space-time are defined in [1] as space-like 
curves along which respectively the first binormal is null vector and second binormal is null 
vector. The Frenet equations of a partially null curve, lying fully in the Minkowski space-time 
are given in [14, 2], using those Frenet equations authors give some characterizations. Another 
work, in [10], authors define Frenet equations of such curves and study some of characterizations 
in Semi-Euclidean space. 

Recently, a method has been developed by B.Y.Chen to classify curves with the solution 
of differential equations with constant coefficients, see [3, 4, 11]. Furthermore, classifications 
all space-like W curves are given in [11]. 

Curves of constant breadth were introduced by L. Euler,1870. O. Kése (1984) wrote some 
geometric properties of plane curves of constant breadth. And, in another work O. Kése (1986) 
extended these properties to the Euclidian3-space E® [6]. Morever, M. Fujivara (1914) obtained 
a problem to determine whether there exist space curve of constant breadth or not, and he 
defined ” breadth” for space curves and obtained these curves on a surface of constant breadth 
[5]. A. Magden and O. Kése (1997) studied this kind curves in four dimensional Euclidean 
space £4 [7]. S. Yilmaz and M. Turgut extended the notation of curves of constant breadth to 
null curves in Semi-Rieamannian space E3, see [13]. 


Inclined curves are well-known concept in the classical differential geometry [8]. 


1Received September 13, 2013, Accepted February 8, 2014. 
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§2. Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of curves 
in the space E} are briefly presented (A more complete elementary treatment can be found in 
(9].) Minkowski space-time Ej is a Euclidean space E} provided with the standard flat metric 
given by 





g = —dxt + da? + dx2 + dx} 


where (x1, %2,%3,24) is rectangular coordinate system in E}. Since g is an definite metric, 
= 
recall that a vector J € Ej can have one of the three causal characters; it can be space-like if 
os = o> = = 
g(0,0)>0or 0 =0, timelike if g( 7, 0) < 0 and null (ligth-like) if g(0, 0) =Oand J £40. 
Similarly, and arbitrary curve @ = @(s) in Ej can be locally be space-like, time-like or null 
(ligth-like) if all of its velocity vectors @'(s) are respectively space-like, time-like or null. Also 








= = as = 
recall the norm of a vector J is given by | 0\| = la 0,0 | . Therefore, J is a unit vector 


; => FP ay ts A ; ; geo 
if g(¥, 0) = +1. Next vectors J), wW in E} are said to be orthogonal if g( 0, w) = 0. The 
velocity of the curve a is given by||a’'||. Thus, a space-like or a time-like curve @ is said to 


be parameterized by arc-length function s, if g(a', a’') 








= +1. The Lorentzian hypersphere of 
center ™ = (m1,mz2,m3,m4) and radius r € Rt in the space Ej} defined by 


S? = {@ = (a1, a2, 03,04) € Ef: g(@ —m, a — mM) =r}. 





Denoted by {T\(s), N(s), Bi(s), Ba(s)} the moving Frenet frame along the curve @ in the 
space FE}. 
a es 
Then T, N, By, Bo are, respectively, the tangent, the principal normal, the first binormal 
and second binormal vector fields. Recall that a space-like curve with time-like principal normal 
pas 
N and null first and second binormal is called a partially null curve in E# [1]. For a partially 


null unit speed curve @ in E} the following Frenet equations are given in [2, 14] 


= = 
T' 0 kK 0 O T 
= = 
N' —-K 0 7 O N 
=> od => 
Bi 0 0 « 0 Bi 
=> = 
Bs 0 —T 0 a Bo 





where 7’, N, B, and Bz are mutually orthogonal vectors satisfying equations 





g(T, T) = g(Bi, Bo) =1, g(N,N) =-1 


% 


Bi, 


> > GS 
g( Bi, Bi) = g( Ba, Bo) = 0. 


And here, «(s),7(s) and o(s) are first, second and third curvature of the curve 0, respectively. 


In the same space, the authors, in [2], expressed a characterizations of partially null curves 
with the following theorem. 


8 Stiha Yilmaz, Emin Ozyilmaz and Umit Ziya Savel 


Theorem 2.1 A partially null unit speed curve @ = a(s), in Ej, with curvatures k 40, T #0 
for each s © I CR has o = 0 for eachs. 


n [13], S. Yilmaz and M. Turgut studied same characterizations of spherical and inclined 


partially null curves. 


§3. Partially Null Curves of Constant Breadth in EF} 


Let @ = a(s) and a’* = @*(s) be simple closed partially null curves in the space E}. These 
curves will be denoted by C. Moreover let P and Q at points respectively curves a and a%*. 
The normal plane at every point P on the curve meets the curve at a single point Q other than 
P. We call the point Q the opposite point of P. We consider a partially null curve in the class 
T as in M. Fujivara (1914) having parallel tangents T and T* in opposite directions at the 
opposite points @ and a* of the curve. A simple closed curve of constant breadth at opposite 
points can be represented with respect to Frenet frame by the equation 





a = @Wt+tmT+mN +m3Bi,+m Be (3.1) 


where m;(s), 1 < i < 4 arbitrary functions of s, @ and a* are opposite points. The vector 
d = a* — @ is called ”the distance vector” of C. Differentiating both sides of (3.1) and 


considering Frenet equations, we have 























da* —,ds* dm, = dmg = 
=7"* = (— -1)T +(—— N 
ds ds ( ds maith) ( ds aE) 
(3.2) 
dm => dm = 
+(GS+mer+mso) Bi +(— +m) B2 
=> => 
Since T'* = —T’, rewriting (3.2) we obtain following system of equations, 
dm, ds* 
— - 1 =0 
ds aa ds 
dmg 
+m Kk — maT = 0 
ds 
3.3 
ois: + m2T =0 7 
ds = 
dma 
ds 


If we call 6 as the angle between the tangent of the curve C at point @ with a given fixed 
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direction and s arc length parameter of @(s), consider — = k, we have (3.3) as following: 


ds 
dm 
a. = m2— f(8) 
dm ae ae 
dé = my M4 PT 
dmg = 
do mane 
dma 
do 


1 1 
where f(0) = p+ p*, p = — and p* = — denote the radius of curvature at a@ and a*, 
kK 
respectively. It is not difficult to see that m4 = c4 =constant. then, using system (3.4) we 
easily have following differential equations with respect to m, and mg as 








dm df 
Te +m + 4, — capt = 0 

: (3.5) 
d mg 

de? + mz —caza (oT) — f(9) =0 


These equations are characterizations for the curve a*. If the distance between opposite points 


of C and C® is constant, then, due to null frame vectors, we can write that 
|a’* — ||? = m2 + m2 + 2mgm4 = I? = constant. (3.6) 


Hence, by the differentiation we have 





ray + mg? + mg + maa = 0 (3.7) 
Considering system (3.4), we get 
my (Sat —m2) =0 (3.8) 
Since, we arrive m; = 0 or 7 = mg. Therefore, we shall study in the following cases. 


Case 1 m, = 0. Moreover, let us suppose that c4 4 0. 


In this case (3.5); deduce other components, respectively 


0 


mg = f(0) = cx | pra (3.9) 


0 
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and 
é 


m3 = - [e+ p’ )prdd 
0 


If cy = 0, we have f(@) = c =constant. By this way, we know 


dm, 
Cc 2. 
ase do 


= m2. 


(3.10) 


(3.11) 


In this case, from (3.4), we know f(@) = m2 = 0. And first let us suppose that cy 4 0. 


Thus the equation (3.5); has the form 


dm 
“qge 1 Ma = capr 


By the method of variation of parameters, the solution of (3.12) yields that 


@ 0 
my = cos@ = | eaprsinbdd +A + sin@ capT cos 0d0 + B 
0 


0 


where A, B real numbers. From (3.4)3 and (3.4)4 we get 


m3 = C3 
and 
Ma = C4 
And if c4 = 0, we write that : 
ue +m,=0 


We write the solution of (3.16) as 

my, =1,cos@ + lg sin 0 
Considering (3.4), we have other components 

mg = —l, sin @ + ly cos@ 


and 


m3 = | (—l,sin@ + ly cos 6@)prdé. 


OSs 


(3.12) 


(3.13) 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


(3.19) 
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§4. The Inclined Partially Null Curves In EF} 


Theorem 4.1 Let a = a(s) be a unit speed partially null curve in Ef. a is an inclined curve, 
if and only if 
“ = constant (4.1) 


4 


Proof Let a = a(s) be a unit speed partially null curve is E} and also be an inclined curve 
from definition of inclined curves, we write that 


g(T, @) = cos UV (4.2) 


where w is a constant space-like vector and W is a constant angle. Differentiating (4.2) respect 
s, we have 
= 
xg(N,w) =0 (4.3) 


= 
which implies that N L w. And therefore we compose constant vector WU as 





@T=uT +u2B,+u3Be2 (4.4) 


Differentiating (4.4) and considering Frenet equations we have following equation system: 


du, 


paki y 9) 
ds 

diz _ 9 

ds (4.5) 
Gt 

ds 


ULK — U3gT = 0 


Solution of (4.5) yields that 
- = constant (4.6) 


Conversely, let us consider a vector given by 
Te {T+ Bi +=B2} cosy (4.7) 
T 
Where W is a constant angle. Differentiating (4.7), we have 


du 


=~ =0 (4.8) 


(4.8) implies that @W is a constant vector. And then considering a partially null curve a = a(s); 
using inner product, we get 
= 
g(T, uv) =cos¥, (4.9) 


which shows that a is a inclined curve in E}. 


In the same space, S.Yilmaz gave a formulation about inclined curves with following the- 
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orem in [12]: 


Let a = a(s) be a space-like curve in E} parametrized by arclength. The curve a is an 


inclined curve if and only if 
~ = Acosh( (f oats ) + Bsinh( (f oats (4.10) 
0 0 


wherer £0 ando £0, A, BER. 


Whence, we know that a is partially null curve, so 0 = 0. Using (4.10) we have 


“ = constant. (4.11) 
= 











This completes the proof. 
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§1. Introduction 


The concept of 2-Banach space and some basic fixed point results in such spaces are initially 
given by Gahler (([3], [4]) during 1960’s. Later on some fixed point results have been obtained in 
such spaces by Iseki [5], Khan et al. [6], Rhoades [7] and many others extending the fixed point 
results for non expansive mappings from Banach space to 2-Banach space. In 2011, Choudhury 
and Som [2] (J. Indian Acad. Math. 33(2) (2011), 411-418) have established common fixed 
point and coincidence fixed point results for a pair of non-linear mappings in 2-Banach space 
which generalize the results of Som [8], Cho et al. [1] and Zhao [9] in turn. In this paper 
we establish some fixed point theorems satisfying the contractive type condition in 2-Banach 
spaces. 


§2. Preliminaries 


Here we give some preliminary definitions related to 2-Banach spaces which are needed in the 
sequel. 


Definition 2.1 (See [1]) Let X be a linear space and ||., .|| be a real valued function defined on 
X satisfying the following conditions: 


i) |la, y|| =0 of and only if x and y are linearly dependent; 
it) lx, yll = lly, xl] for all x,y € X; 
itt)||x, ay|] = |a| ||x, y|| for all x,y € X and real a; 


( 
( 
( 
(iv) lla, y+ 2|| = lla, yl] + lla, z|| for all a,y,z EX. 


1Received June 14, 2013, Accepted February 10, 2014. 
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Then, ||., .|| is called a 2-norm and the pair (X,]||., .||) is called a linear 2-normed space. 


Some of the basic properties of the 2-norms are that they are non negative and 
lz, y+ aa] = ||, yll 
for all x,y € X and all real number a. 


Definition 2.2(See [1]) A sequence {a} in a linear 2-normed space (X,]||., .||) is called a 


Cauchy sequence if limm,n—oo ||\Um — Ln, y|| = 0 for ally € X. 


Definition 2.3(See [1]) A sequence {x} in a linear 2-normed space (X,||., .||) 1s said to be 
convergent to a point x in X if limps ||tn — x, y|| = 0 for ally € X. 


Definition 2.4(See [1]) A linear 2-normed space (X,||., .||) in which every Cauchy sequence is 


convergent is called a 2-Banach space. 


Definition 2.5(See [1]) Let X be a 2-Banach space and T be a self mapping of X. T is said 


to be continuous at x if for any sequence {x,} in X with t, > x implies that Tx, > Tx. 
Definition 2.6 Let (X,]||., .||) be @ linear 2-normed space and T be a self mapping of X. A 
mapping T is said to be 2-Banach contraction if there is a € [0,1) such that 

Px —Ty, ull <a |la—y, ul 
for all z,y,wE X. 


Definition 2.7 Let (X,||., .||) be @ linear 2-normed space and T be a self mapping of X. A 


mapping T is said to be 2-Kannan contraction if there is b € [0,4) such that 
Tz —-Ty, ul] <b[|le-Tex, ull +lly—-Ty, ull] 
for allz,y,uE X. 
Definition 2.8 Let (X,]||., .||) be @ linear 2-normed space and T be a self mapping of X. A 
mapping T is said to be 2-Chatterjea contraction if there is c € [0, 4) such that 
||T2— Ty, ull <¢[|le—-Ty, ull + |ly— Te, all] 
for all z,y,wE X. 


Definition 2.9 Let (X,|]., .||) be a linear 2-normed space and T be a self mapping of X. A 
mapping T is said to be 2-Zamfirescu operator if there are real numbers0 <a<1,0<6< 1/2, 
0<c< 1/2 such that for all x,y,u € X at least one of the conditions is true: 


(a1) |[Ta—Ty, ul] <a lle —y, ull; 
(22) |[Ta— Ty, ul] <6 (lle - Ta, ull + lly — Ty, ull); 
(z3) |[Ta—Ty, ul] <c¢ (la— Ty, ull + lly - Te, ull). 
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Condition 2.1 Let X be a 2-Banach space (with dim X > 2) and let T be a self mapping of 
X such that for all x,y,u in X satisfying the condition: 


(2 — Tex, ull + lly —Ty, ull) 
9) 9 


|T2—Ty, ul) < hmax{ ley, ull, 


ea Py ull Fy Pe uly 
2 


whereQ<h< 1. 


Remark 2.1 It is obvious that each of the conditions (z1) — (z3) implies (2.1). 


§3. Main Results 


In this section we shall prove a fixed point theorem using condition (2.1) in the setting of 
2-Banach spaces. 


Theorem 3.1 Let X be a 2-Banach space (with dim X > 2) and let T be a continuous self 
mapping of X satisfying the condition (2.1), then T has a unique fixed point in X. 


Proof For given each x9 € X and n > 1, we choose 21,22 € X such that x; = To and 
x2 = Tx,. In general we define sequence of elements of X such that 2,4, = Tr, = T"t!29. 
Now for all u € X, using (2.1), we have 


Zn — En41, ull = |[Ten-1 -— Tn, ull 
< ih max { Saat Say tills i al) ul gm [ae ull) 
(2n-1 — T2n, ull + llan — Trn-1, “by 
2 
ae! max { \|¢n—1 eit ul| (l|@n—1 — tn; ull = l|Zn — tn+1; ull) 
(2n-1 — Zn41, ull + [len — En, yt 
2 
=). oh max { \|¢n—1 aoe oe ul| : (l|@n—1 — tn; ull 5 l|Zn — tn+1; ull) 
|%n—1 = En41, ull \ 
2 
< hk max { \|en—1 ee ul| (l|@n—1 — &n; ull 5 llzn — tn+1; ull) 
In—-1 — In, Ul + ||Ln — Ln41, U 
(Wenn = tna t+ oe ~ total) as 
But 
Mena = tos wl [en ttt ae {lana — Any ti] [tn —enaay wl} (8.2) 
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From (3.1) and (3.2), we get 


Iltm — 241, ul] < oh max { I[2n—1 — &n; Ul, [en-1 — &n, Ul], [lin — Cn4a, ull, 


lent — 2m, ull lan — ans, wll} 


h ||an-1 — Un, ull - (3.3) 


IA 


Similarly, we have 


||Un—-1 —2n, ull <A |lan—2 — Fn-1, ull. (3.4) 


Hence form (3.3) and (3.4), we have 
Ilan — tn41, Ul] Sh? |len—2 — 2n-1, ull. (3.5) 
On continuing in this process, we get 


I?m — tn41, Ul] Sh” Ivo — 21, ul]. (3.6) 


Also for n > m, we have 


IA 


I?m — Tm, ull ln — &n—1, Ul + []@n-1 — tn—2, ull +... 
+ |[@¥m41— tm, ull 


ae ue h-2 ee h™) ||ac1 — Xo, u| 


(75) ler — 20, al. (3.7) 


IA 


IA 


Since 0 < h < 1 by condition 2.1, (45) —> 0asm — co. Hence ||a, — 2m, ul| > 0 as 
n,m — oo. This shows that {x,,} is a Cauchy sequence in X. Hence there exist a point z in 
X such that rz, — z as n — oo. It follows from the continuity of T that Tz = z. Thus z isa 


fixed point of T. 


For the uniqueness, let Tv = v be another fixed point of the mapping 7’. Then, we have 


lz-v, ul) = ||Tz-Tv, ull 
< hax |je—v, uj (22 Pe ul he Po 
5) 
< hmax{ ||z— 0, ull ,0, 2-0, ull } 
< h|lz—v, ull 
< ||jz—v, ull, since O< A <1, (3.8) 


a contradiction. Hence z = v and for all u © X. Thus z is a unique fixed point of 7. This 











completes the proof. 
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Since Condition 2.1 includes the 2-Banach contraction condition, 2-Kannan contraction 
condition, 2-Chatterjea contraction condition and 2-Zamfirescu operator. Thus from Theorem 


3.1, we obtain the following results as corollaries. 


Corollary 3.1 Let X be a 2-Banach space (with dim X > 2) and let T be a self mapping of X 
satisfying the condition: 
|P2— Ty, ull <a lla —y, ull 


for all x,y,u © X, where a is a constant in (0,1). Then T has a unique fixed point in X. 


Corollary 3.2 Let X be a 2-Banach space (with dim X > 2) and let T be a continuous self 
mapping of X satisfying the condition: 


Px — Ty, ul] < 6 [lle — Tx, ull + |ly— Ty, ull] 


for all x,y,u © X, where b is a constant in (0, 4). Then T has a unique fixed point in X. 


Corollary 3.3 Let X be a 2-Banach space (with dim X > 2) and let T be a continuous self 
mapping of X satisfying the condition: 


[Ta — Ty, ul] < elle — Ty, ull + lly— Tx, all] 


for all x,y,u € X, where c is a constant in (0, s). Then T has a unique fixed point in X. 


Corollary 3.4 Let X be a 2-Banach space (with dim X > 2) and let T be a continuous self 
mapping of X satisfying 2-Zamfirescu operator, that is, satisfying at least one of the conditions 
in (21) — (23). Then T has a unique fixed point in X. 


Remark 3.1 Our results extend the corresponding result of Zhao [9] (Acta Math. Sinica 
22(1979), 459-470), Cho et al. [1] (Far East Jour. Math. Sci. 3(2)(1995), 125-133) and many 


others from the existing literature. 
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of G are incident. A dominating set of a graph 7(G) , is a total lict dominating set if the 
dominating set does not contains any isolates. The total lict dominating number 74(7(G)) of 
the graph G is a minimum cardinality of total lict dominating set of graph G. In this paper 
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§1. Introduction 


The graphs considered here are finite, connected, undirected without loops or multiple edges 
and without isolated vertices. As usual ‘p’ and 'q’ denote the number of vertices and edges of 
a graph G. For any undefined term or notation in this paper can be found in Harary [1]. 

A set D C V of G is said to be a Smarandachely k-dominating set if each vertex of G is 
dominated by at least k vertices of S and the Smarandachely k-domination number 7(G) of G 
is the minimum cardinality of a Smarandachely k-dominating set of G. Particularly, if k = 1, 
such a set is called a dominating set of G and the Smarandachely 1-domination number of G is 
called the domination number of G and denoted by y(G) in general. 

The lict graph 7(G) of a graph G is the graph whose vertex set is the union of the set 
of edges and the set of cut vertices of G in which two vertices are adjacent if and only if the 


corresponding edges are adjacent or the corresponding members of G are incident. A dominating 
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set of a graph 7(G), is a total lict dominating set if the dominating set does not contain any 
isolates. The total lict dominating number 7(7(G)) of G is a minimum cardinality of total lict 
dominating set of G. 

The vertex independence number (o(G) is the maximum cardinality among the indepen- 
dent set of vertices of G. L(G) is the line graph of G, y,(G) is the complementary edge domina- 
tion number, 7,(G) is the split dominating number, ¥,(G) is the total edge dominating number 
, Yns(G) is the non-split dominating number, y(G)is the chromatic number and w(G) is the 
clique number of a graph G. The degree of an edge e = uv of G is deg(e) = deg(u) + deg(v) — 2. 
The minimum (maximum) degree of an edge in G is denoted by 5 (A’). A subdivision of an 
edge e = uv of a graph G is the replacement of an edge e by a path (u,v,w) where w 3 E(G). 
The graph obtained from G by subdividing each edge of G exactly once is called the subdivision 
graph of G and is denoted by S(G). For any real number X,[X] denotes the smallest integer 
not less than X and |X| denotes the greatest integer not greater than X. 

In this paper we established the relationship of this concept with the other domination 


parameters. We use the following theorems for our later results. 


Theorem A((2]) For any graph G,ye(G) > Fest , 
Theorem B((2]) For any graph G of order p > 3, 
(i) a(G) + (G) <2] 5]. 
. A py? 
(ii) (G) * (G) < [BI 
Theorem C(([3]) For any graph G, 


(i) %4(5(Kp)) = 2 [8]. 
( 


Theorem D([4]) For every graph G of order p, 


(i) x(G) > w(G). 
(ii) x(G) = qe) 
0 


' 2 
Theorem E((5]) For any connected graph G with p > 3 vertices, y,(G) < =e ; 


Theorem F([5]) If G is a connected graph G with p > 4 vertices and q edges then x < 7,(G), 
further equality holds for every cycle Cp where p= 4n,n > 1. 


§2. Main Results 


Theorem 1 First list out the exact values of 7(n(G)) for some standard graphs: 
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(i) For any cycle C, with p > 3 vertices, 


p/2 if p = 0(mod4). 


e(n(Cp)) = S| +1 otherwise. 


2 
(it) For any path P, with p > 4 vertices,y4(n(Pp)) = = : 


(itt) For any star graph Ky, with p > 3 vertices, y:(n(K1,)) = 


|. 


2 
(v) For any complete graph K, with p > 3 vertices, y4(n(Kp)) = 2 : 
=k 


Nwl's 


(iv) For any wheel graph W, with p > 4 vertices, y4(n(W,)) = | 


3 
(vi) For any friendship graph F, with k blocks, y:(n(Fp)) , 


Initially we obtain a lower bound of total lict domination number with edge and total edge 


domination number. 


Theorem 2 For any graph G,7(n(G)) > ye(G). 


Proof Let D be aye set of graph G, if D is a total lict dominating set of a graph G, then 
for every edge e; € D there exists an edge eg € D,e, 4 e2 such that e; is adjacent to eg. Hence 
y(n(G)) = ye(G). Otherwise for each isolated edge e; € D, choose an edge e; € N(e;). Let 
E, = {e;/e; € N(e:)}, then DU EF; is a total lict dominating set of G and |DU E,| > |DI. 
Hence, 7¢(7(G)) 2 Ye(G@). 














Theorem 3 For any graph G %:(n(G)) > 7%4(G), equality holds if G is non-separable. 


Proof Let D be a on set of G, if all the cut vertices of G are incident with at least one 
edge of D, then %(n(G)) = 7;(G). Otherwise there exists at least one cut vertex v, of graph G 
which is not incident with any edge of D, then %(n(G)) > |D Ue| > 7;,(G) +1, where e is an 
edge incident with v. and e € N(D). Thus, %:(n(G)) > 7;(G). 

For the equality, note that if the graph G is non-separable, then 7(G) = L(G). Thus 
74((G)) = (L(G) = %(@). 


Next we obtain an inequality of total lict domination in terms of number of vertices, number 














of edges and maximum edge degree of graph G. 


Theorem 4 For any connected graph G with p > 3 vertices, then y4(n(G)) < 2 [Z| : 


Proof Let E(G) = {e1, e2,€3,°-: ,e1} and let D = {e,/1 <i <1 andi 4 0(mod3)}U {e;_1}. 
Then D is total lict dominating set of G and |D| = 2 EE Hence, %(7(G)) < 2 ls |- 














Theorem 5 For any non-separable graph G, 


(@ wine) < |], n>. 


(it) ee <u(7(G)), p > 4 vertices, equality holds for every cycle Cp, where p = 4n,n > 1. 
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Proof Let G be a non-separable graph,then ¥;(7(G)) = 7,(G). Using Theorems E and F, 
the result follows. 














Theorem 6 For any connected graph G,74(n(G)) < q— A’ (G) +1, where A’ is a maximum 
degree of an edge. 

Proof Let e be an edge with degree A’ and let S be a set of edges adjacent to e in G. 
Then E(G) — S is the lict dominating set of graph G. We consider the following two cases. 


Case 1 If (E(G)—S) contains at least one isolate in 7(G) other than the vertex corresponding 
to e in 7(G). 

Let E; be the set of all such isolates, then for each isolate e; € Ej, let Ey = {e;/e; € 
(N(e;) N(e)} , then F = [{(E(G) — S) — E,} U Ey] is a total lict dominating set of graph G. 
Thus, 7(9(G)) < ¢- A(G). 

Case 2 If (Z(G) — S) contains only e as an isolate in 7(G). 


Then for an edge e; € N(e), {(E(G) — S$) Ue;} is a total lict dominating set of a graph G. 
Thus, 4(n(G)) < |(E(G) ~— 8) Veil =q- A(G) +1. 
From Cases 1 and 2, the result follows. 














Theorem 7 For any connected graph G,7(n(G)) > Fresil 














Proof Using Theorem 2 and Theorem A, the result follows. 


Theorem 8 For any connected graph G,y(n(G)) < p—1. 


Proof Let T be a spanning tree of a graph G. Let A = {e1, e2, €3,--+ , ex} be the set of edges 
of spanning tree T, A covers all the vertices and cut vertices of a graph 7(G). Hence,y(7(G)) < 
A=p-l. 














Now we obtain the relationship between total lict domination and total domination of a 
line graph. 


Theorem 9 For any graph G,with k number of cut vertices, 


V(M(G)) < w(L(G)) + k. 


Proof We consider the following two cases. 
Case l k=0. 


Then the graph G is non-separable, and in that case n(G) = L(G). Hence, 7(n(G)) = 
(L(G). 
Case2 k #0. 


Let D be a total dominating set of L(G) and let S be the set of cut vertices which is 
not incident with any edge of D, then for each cut vertex ve € S, choose exactly one edge in 
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E,, where E, = {e; € E(G)/e; is incident with v. and e; € N(D)} with |E£,| = |v.|. Hence, 
ve(m(G)) < ye(L(G)) + [Fal = w(L(G)) + |vel = (L(G) + k. 


From Cases 1 and 2, the result follows. 














In the following theorems we obtain total lict domination of any tree in terms of different 
parameters of G. 


Theorem 10 For any tree T with k number of cut vertices,y:.(n(G)) < k +1, further equality 
holds if T = Ky», p> 3. 


Proof Let A = {v1,v2,03,--: ,uz} C V(G) be the set of all cut vertices of a tree T with 
|A| = k. Since every edge in T is incident with at least one element of A, A covers all the 
edges and cut vertices of 7(G), if for every cut vertex uv € A there exists a vertex u € A,u # v, 
such that v is adjacent to u. Otherwise let ej € E(G) such that e is incident with A, so that 
ve(n(G)) < {AUVe} = |Al+1=k+1. 

To prove the equality, let Ky, be a star and C’ be the cut vertex and e be any edge of 
Ky». Then D = {C Ue} is the % set of n(G) with cardinality k + 1. 














Theorem 11 For any tree T,¥:(n(T)) > x(L) and equality holds for all star graph Ky,p. 


Proof x(T) = 2 and 2 < %(T) < p. Hence, y%(n(T)) > x(L). For T = Ky y, clearly 











x(T) = 2. Using Theorem I (iii), the equality follows. 





Theorem 12 For any tree T ,7:(n(T)) > w(T). 











proof The result follows from Theorem 11 and Theorem D. 





Theorem 13 For any tree T, y:(n(T)) => = 


Bo(T) 


Proof The result follows from Theorem 11 and Theorem D. 














Theorem 14 For any tree T, 7: (n(T)) < %(L). 


Proof Let T be a tree and D be j% of T. Let E; denotes the edge set of the induced graph 
(D). Let F' be the set of cut vertices which are not incident with any edge of EF. we consider 
the following two cases. 


Case 1 If F = 9, and in 7(T) if Ey does not contains any isolates then E) is a total lict 
dominating set of J’. Otherwise for each isolated edge e; € FE, choose exactly one edge in Fa, 
where Ey = {e; € E(T)/e; € N(e;)}. Then D* = EF U E> is a total lict dominating set of tree 
T. Hence, ¥4(7(Z’)) < |D*| < |D| = (7). 
Case 2 If F # ©, then for each cut vertex ve € F. Let Ey = {e; € E(T)/e; € N(e) 
and incident with v.}.Then D* = FE, U E is a total lict dominating set of tree T. Hence, 
ye(n(T)) < |D*| < |D| = % (7). 

From Cases 1 and 2, the result follows. 
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Theorem 15 For any tree T with p > 3, in which every non-end vertex is incident with an 
end vertex, then 74(n(T)) < Go(T). 


Proof We consider the following two cases. 
Case 1 T=K}1,p. 


Noticing that 69(T) = p—1 > 2 for p > 3, and using Theorem 1(iii), the result follows. 
Hence,7(7(T)) < Go(T). 


Case 2 TF Kp. 


Let B = {v1, v2, U3,--+ ,Um} C V(G) such that |B| = G(T). Let S C B be the set of k 
end vertices of T and N C B be the set of / non-end vertices of T such that SUN = B. In 
T, for each vertex v; € S there exists cut vertex C; € N(vu;). Then in 7(T) the cut vertex C; 
covers the edges incident with cut vertex C; of T’ where 7 = 1,2,3,4,5, 0... k and for each 
vertex v; € N in T, a vertex v; € n(L') which is a cut vertex of T covers all the edges incident 
with vj where j = 1,2,3,4,5....... I. Thus {C;}*_, U {uj }o-4 forms a total lict dominating set of 
T. Hence 74(n(T')) < |S UN] < |Bl = Go(T). 

From case(1) and case(2) the result follows. 














Theorem 16 Let T be any order p > 3 and n be the number of pendent edges of T, then 
n<uw(n(S(L))) < 2(p—1)— 1 and equality holds for all Ky,p. 


Proof Let u1v1, u2v2, U3V3, U4U4,°°* ,UnUn be the pendent edges of T. Let w; be the vertex 
set of S(T) that subdivides the edges u;vj,i = 1,2,3,4,---,n. Any total lict dominating 
set of S(T) contains the edges ujw;,i = 1,2,3,4,---,n and hence y%(n(S(T))) > n. Further 
E(S(T)) — S, where S is the set of all pendent edges of S(T’) forms a total lict dominating set 
of S(T). Hence,y(7(S(L))) < 2(p — 1) — n. 

Notice that the edges of D = {u;w;},i = 1,2,3,--- ,n will forms a % of 7(S$(L)) for K1,p. 
Thus, the equality y(7(S(Z))) =n. Similarly, the set {£ (S(T) — S} will forms a y% of 7($(T)) 
for Ky). So y¥4(n(S(T))) = 2(p — 1) — n. 














Now we obtain the relation between total lict domination in terms of complimentary edge 


domination, total domination and split domination and non-split domination. 


Theorem 17 For any graph G if ye(G) = 7,(G), then %(n(G)) > ¥,(G). 


Proof Let us consider the graph G, with y.(G) = y,(G) and using Theorem 2.2, the result 


follows. 














Corollary 1 Let D be the ye set of a non-separable graph G then, y4(n(G)) > ¥,(G). 


Proof Since every complementary edge dominating set is an edge dominating set, the 











follows from Theorem 2. 





Theorem 18 For any non-separable graph G with p > 3, then y:(G) < %(n(G)), equality holds 
for all cycle Cp. 
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Proof Let D = {v1, v2, U3,-+: , Up} be a % set of a graph G. Let E* = {e; € E(G)/e; is 
incident with v;},2 = 1,2,3,4,---,k. Then every edge in (E(G) — E*) is adjacent to at least 
one edge in E*. Clearly E* covers all the vertices in n(G), and (E*) does not contain any 
isolates, E* is a total lict dominating set of graph G and |D| < |E*|. Hence,7.(G) < y%(n(G)). 

For any cycle Cp, n(G) = L(G) 4 (L(G)) = %(G). Hence, (G) = ¥(n(G)). 














Theorem 19 For any cycle Cp p > 3, ¥s(Cp) < y¥e(n(Cp)) < Yns(Cp)- 


Proof We consider the following two cases. 


Case 1 Ys(Cp) < a (n(Cp)). 


Let A = {v1, v2, v3,--- , ug} be a ys dominating set of cycle Cp. For any cycle Cp, n(G) = 
L(G), the corresponding edges B = {e€1, €2, €3,-+- , ex} will be a split dominating set of 7(G). 
Since (B) is disconnected, 7(7(Cp)) < ¥s(Cp) + 1. Hence,ys(Cp) < ye(7(Cp)). 


Case 2 9(7(Cp)) < Yns(Cp). 


Let A = {v1, v2, U3,°+* , Ue} be a Yns dominating set of cycle C,. For any cycle Cp, n(G) = 
L(G), the corresponding edges B = {e€1, €2, €3,-++ , ex} will be a split dominating set of 7(G). 
Since (B) is connected. Hence, 7(n(Cp)) < Yns(Cp)- 


The result follows from Cases 1 and 2. 














Now we obtain the total lict dominating number in terms of independence number and 


edge covering number. 


Theorem 20 For any graph G,7(n(G)) < 261(G). 


Proof Let S be a maximum independent edge set in a graph G. Then every edge in 
E(G) — S is adjacent to at least one edge in S. Let D be the set of cut vertices that is not 
incident with any edge of S and let Ey = {e; € E(G)—S/e; € N(S)}. We consider the following 


two cases. 


Case 1 If D = ¢, then for each edge e; € S, pick exactly one edge e; € FE; , such that 
e; € N(e;). Let D; be the set of all such edges with |D,| < |S|. Then F = SU D, is a total 
lict dominating set of G. Hence, 7(7(G)) < |S U Di| = |S| + |D1i| < [S| + |S] = 261(G). 





Case 2 If D # ¢, then for each cut vertex vu, € D. Let Ep = {e; € E(G) — S/e; € N(S) and 
incident with v.}, Es = {ex € S/e, € N(E2)} and Dz = S — E3. Now for each edge e; € Da, 
pick exactly one edge in e; € FE, , such that e; is adjacent to e;. Let D3 be the set of all such 
edges. Then F = Dp U D3 U Eo U E3 is a total lict dominating set of G. Hence, 


IA 


y(n(G)) |F'| = |D2 U £3 U D3 U E4| 
|D2 U B3| + |D3 U Eo| 


|S] + |S] = 2|S] = 20(G) 


x 














From Cases 1 and 2,the result follows. 
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Theorem 21 For any graph G,7:(n(G)) < 2a0(G). 


Proof Let S = {v1, v2, v3, U4,-++ , vk} C V(G) such that || = ao(G). Then for each vertex 
v;, choose exactly one edge in FE, where £; = {e; € E(G)/e; is incident with v;} such that 
|E;| < |S|. Let D be the set of cut vertices that is not incident with any edge of FE, and let 
Eg = {e; € E(G) — E\/e; © N(£,)}. We consider the following two cases. 





Case 1 If D = ¢, then for each edge e; € FE, pick exactly one edge e; € E2 ,such that 
e; € N(e;). Let D, be the set of all such edges with |D,| < |E,| =|S|. Then F = E, UD, isa 
total lict dominating set of G. Hence,y(7(G)) < |£1 U Di| = |£i| + |Dil < |S|+ |S] = 2a0(G). 





Case 2 If D # ¢, then for each cut vertex vu. € D. Let Es = {e; € E(G) — Ey /e, € N(E£;) and 
incident with ve}, 

E4 = {ex € Ex /ex € N(E3)} and D3 = EF, — Ey. Now for each edge e, € Dz, pick exactly 
one edge in e; € E2, such that e, is adjacent to e;. Let D3 be the set of all such edges. Then 
F=D,UD3U £3 U E, is a total lict dominating set of G. Hence, 


14(n(G)) 


IA 


|F'| = |D2U E4 U Dg U B3| 
|D2 U F4| + |D2U E4| 
= |Fil +|Fil = |S] = 200(G) 


IA 











From Cases 1 and 2, the result follows. 





Now we obtain the total lict dominating number of a subdivision graph of a graph G in 


terms of edge independence number and number of vertices of a graph G. 


Theorem 22 For any graph G, y:(n(S(G))) < 2¢—261+ po, where po is the number of vertices 
that subdivides 3. 


Proof Let A = {uju;/1 <i <n} be the edge set of a graph G. Let X = {u;v;/1 <1 < n} 
be a maximum independent edge set of graph G. Then X is edge dominating set of a graph 
G. Let w; be the vertex set of S(G) and let po € w; be the set of vertices that subdivides X. 
Then for each vertex po, choose exactly one edge in Fy ,where Ey = {u,;w; or wiv; € S(G)/ujw; 
or w;v; is incident with pp and adjacent to A— X}. Let F = {{{A-— {X}}- {E,}} covers all 
the edges and cut vertices of S(G). Hence,y:(n(S(G))) < F =|A-— X — E\| = 2¢- 2614+ po. 














Theorem 23 For any non-separable graph G, 


(i) r(n(S(Kp)) = 2[§]- 
(vi) ¥ t(m(S(Kp, a) = = 2q(p < q). 
(iit) ye(n(S(G)) = 2(p — fr). 


Proof Using the definitions of total lict dominating set and total edge dominating set of a 














graph, the result follows from Theorem C. 


Next, we obtain the Nordhus-Gaddam results for a total domination number of a lict graph. 
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Theorem 24 For any connected graph G of order p > 3 vertices, 


(‘) #(n(G)) + u(n(G@)) < 4191. 
(4) ye(m(G)) * we(M(G)) < 4TET?. 


Proof The result follows from Theorem B and Theorem 20. 
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Abstract: The folded hypercube FQn is a variance of the hypercube network and is 
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The genus of n-dimensional hypercube Qn were given by G. Ringel. In this paper, the 
genus 7(FQn) of FQn is discussed. That is, y(FQn) = (n — 3)2"-3 +1 if n is odd and 
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§1. Introduction 


Let G = (V(G), E(G)) be a graph, where V(G) is a finite vertex set and E(G) is the edge set 
which is the subset of {(u,v)|(u,v) is an unordered pair of V(G)}. Two vertices u and v are 
adjacent if (u,v) € E(G). A path, written as (vo, v1,U2,--+ ,Um), is a sequence of adjacent 
vertices, in which all the vertices vp, v1, v2,-+: ,Um are distinct except possibly v9 = um, the 
path with vg = vm is a cycle. The girth of a graph G is the length of the shortest cycle of G. 

If |G| > 1 and G — F is connected for every set F C E(G) of fewer then | edges, then 
G is called l-edge-connected. The greatest integer | such that G is l-edge-connected is the 
edge-connectivity A(G) of G. 

A surface is a compact connected orientable 2-manifold which could be thought of as a 
sphere on which has been placed a number of handles. The number of handles is referred to 
as the genus of the surface. A drawing of graph G on a surface S is such a drawing with no 
edge crosses itself, no adjacent edges cross each other, no two edges intersect more than once, 
and no three edges have a common point. A Smarandache \°-drawing of G on S$ is a drawing 
of G on § with minimal intersections \°. Particularly, a Smarandache 0-drawing of G on S if 
existing, is called an embedding of G on S. 

A region of a graph G embedded on a surface is the connected sections of the surface 
bounded by a set of edges of G. This set of edges is called the boundary of the region, and 
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the number of edges is the length of the region. We will use (vo, v1, v2,:+* ;Um), called a facial 
cycle, to denote the region bounded by edges (vo, v1), (v1, v2),-+- , and (Um, vo). so a facial cycle 
of a graph is a region of the graph. A region is a k-cycle if its length is k. A region is a 2-cell 
if any simple closed curve within the region can be collapsed to a single point. An embedding 
of a graph G on a surface S' is a 2-cell embedding if all embedded regions are 2-cells. 

An embedding of G into an oriented surface S induce a rotation system as follows: The 
local rotation at a vertex v is the cyclic permutation corresponding to the order in which the 
edge-ends are traversed in an orientation-preserving tour around v. A rotation system of the 
given embedding of G in S is the collection of local rotations at all vertices of G. It is proved 
[19] that every 2-cell embedding of a graph G in an orientable surface is uniquely determined, 
up to homeomorphism, by its rotation system. 

Let G be a graph and a be an embedding of G, the corresponding rotation system is 
denoted by pz. For any v € V, the local rotation at v determined by p; is denoted by p,(v). In 
the following, we consider 2-cell embedding of simple undirected graphs on orientable surfaces, 
the rotation at a vertex is clockwise. The readers are referred to [1] for undefined notations. 

The genus 7(G) of a graph G is meant the minimum genus of all possible surfaces on 
which G can be embedded with no edge crossings, similarly, the yj¢(G) is the maximum genus. 
As a measure of the complexity of a network, the genus gives an indication of how efficiently 
the network can be laid out. The smaller the genus, the more efficient the layout. The planer 
graphs have genus zero since no handles are needed to prevent edge intersections. 

Let G be a connected graph with a 2-cell embedding on an orientable surface of genus g, 
having m vertices, g edges and r regions, then the well known Euler’s formula [16] is: m—q+r = 
2— 2g. For embedding, Duke’s interpolation theorem [5] is that a connected graph G has a 
2-cell embedding on surface S$; if and only if y(G) < k < y(G), where k is the genus of surface 
Sk. 

Graph embeddings have been studied by many authors over years. Especially the study of 
the maximum and minimum orientable genus y,j7(G) and 7(G) of a graph G, they have been 
proved polynomial [7] and NP-complete [22], respectively. The embedding properties of a graph 
and some results about surfaces are extensively treated in the books [3,4,8,19]. More results 
about genera and embedding genus distributions are referred to see [9-11,13-15,17-18,20,23- 
25,27] etc.. Although there are much results about maximal genera, but minimum genera for 
most kinds of graphs are not known. The folded hypercube F'Q,, is a variance of the hypercube 
network and is superior to Q,, in some properties such as diameters [6]. The genus 7(Q,,) of 
n-dimensional hypercube Q,, were given by G. Ringel [21], the genus of n-cube is discussed by 
Beineke and Harary [2]. 

In this paper, the genus y(FQn) of FQ» is discussed. That is, y(FQn) = (n —3)2”-3 +1 
for n is odd and (n — 3)2"-3 +1 < ¥(FQn) < (n — 2)2"-3 + 1 for n is even. 


§2. Main Results 


The n-dimensional hypercube, denoted by Q,,, is a bipartite graph with 2” vertices, its any 


vertex v is denoted by an n-bit binary string v = @p,Up_—1-++ 921 OF (Wp %p_1°++ 2X1), where 
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x; € {0,1} for alli, 1 <i <n. Two vertices of Q, are adjacent if and only if their binary 
strings differ in exactly one bit position. So Q,, is an n-regular graph. 

If © = &p%p_1+++XQX, and y = YnYn_-1°°+ Y2yi are two vertices in Q, such that y; = 1-2; 
for 1 <i<n, then we denote y = Z, and we say that x and ¥ have complementary addresses. 
As a variance of the Q,, the n-dimensional folded hypercube, denoted by FQ, proposed first 
by El-Amawy and Latifi[?], is defined as follows: FQ, is an (n+ 1)-regular graph, its vertex set 
is exactly V(Q,,), and its edge set is E(Qn) U Eo, where Eo = {x%|z € V(Qn)}. In other words, 
FQ, is a graph obtained from @, by adding edges, called complementary edges, between any 
pair of vertices with complementary addresses. F'Q2 and F'Qs3 are shown in Fig.1. 


100 110 


00 10 





001 O11 


Fig.1 FQ2 and FQ3 


Lemma 2.1((2, 21]) Let Qn be an n-hypercube, then y(Qn) = (n — 4)2"-3 +1. 
Lemma 2.1({6]) The edge-connectivity of n-folded hypercube AF Qn) > n+ 1. 


Lemma 2.3(Jungerman [12], Xuong [25]) If G is a 4-edge-connected graph with m vertices and 
- 1 
q edges, then yu (G) = oe. 


Lemma 2.4 Let Q, be an n-dimensional hypercube. Then there exists an embedding tm, of Qn 
for n > 3 on the surface S of genus (n—4)2"~3 +1, such that each of the following three kinds 
of cycles for x; € {0,1},3<i<n, 

((@n +++ 2310), (%n +++ 2300), (@n +++ 2301), (tp +++ 2311)); 

((tn oat +310), (2n iene «300), (Pei orn «300), (Catan et x310)) and 

((@n +++ 2301), (an +++ 311), (Fraen-1--+ 2311), (Fren-1-+-+301)) 
is a facial 4-cycle of Tn. 

Proof It is true for Q3, shown in Fiig.2. Assume it is true for Qn_-1,n > 4. There 
exists an embedding t,_1 of Qn—1 on the surface S$’ of genus (n — 5)2"~4 + 1, such that 
each of three kinds of cycles ((@p_1---%310), (an—1-++ 2300), (U@n—1-+- 301), (@n_1-+-x311)); 
((n—1-++ 310), (@p_1- ++ £300), (Gr-T@n-2+ ++ 300), (Br-72n—2 +++ #310)) and ((a,_1--- #301), 
(@n—1°+- 311), (BraTe#n-2--+ #311), (Fra1#n—2-++%301)) for a; € {0,1},3<i<n—-l,isa fa 
cial cycle on embedding 7,_1 of Qn-1. So the rotations of 7,1 are as follows: 
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Prn_y(@n—1°++%310) = (A'(a@pn_1--++@311)(an_1- ++ %300)), 

Prn_y(@n—1°++ 0300) = (B’(ap_1 +++ 4310)(@p_-1--+-+2301)), 

Pony (@n—1°++ 4301) = (C’(an_1- ++ 4300) (a,-1---%311)), 

Prn_1(@n—1°°+ 0311) = (D! (an_1- ++ 301) (an_1- ++ @310)) 
because of ((@n,-1---2%310), (a-1--+ 2300), (a,-1--+ 2301), (a,-1--+%311)) being facial cycles 
along counter-clockwise; or 

Prn_1(@n—1°++%310) = (A'(ap_-1 +--+ 2300)(an_1- ++ %311)), 

Prn_y(@n—1°++ 0300) = (B’(ap_1 +++ 4301)(a@n_-1--+-+2310)), 

Prn_y(@n—1°++ 4301) = (C’(an_1 +++ @311)(an_1---2300)), 

Pony (@n—1°++%311) = (D'(a@pn-1-++ 310) (an_-1- ++ @301)) 
because of ((@n,-1--+%311), (an-1--+ 2301), (a,-1--- 2300), (a,-1---%310)) being facial cycles 


along counter-clockwise, where A’, B’,C’, D’ are the ordered subsequences of vertices which 
- 2310), (@,-1°-++ 2300), (@p-1+++ 2301) and (ap_1--- 

By Euler’s formula, the boundary of every region in 7,_1 of Qn_1 on S’ is a 4-cycle. Let 
Qn—1 embed on another copy surface $” of genus (n — 5)2"~4 + 1 such that the embedding 
of Qn_1 on S” is a ”mirror image” of the embedding of Q,n_1 on S’. As a subgraph of Qn, 
the vertices in embedding of Q,-1 on S’ and on $” are labeled by (O%p_1-- 
(lap,—1-+++%3%221) respectively, where x; € {0,1},1<%7<n-—1. For simplification, we also use 
the signals of A’, B’,C’ and D’ in the following. 


Based on 7-1, the rotation system of 7, is given as follows: 


incident with (ap_1-- 2311), respectively. 


-23%9%1) and 


Pry (@n +++ 0310) = ((Fan—1-++t310)A' (apy +--+ 4311)(ap +--+ 2300)), 

Pry (@n +++ 0300) = (B’ (Tpan—1- ++ £300) (ayn ---2310)(an---2301)), 

Pan (@n +++ 0301) = ((Fan—1- ++ v301)C' (ay +--+ £300) (an ---a311)), 

Pan (@n +++ 0311) = (D’ ae 1:+°@311)(a,--+-%301)(xy-+-2310)); or 

Pan (En€n—-1°++ 310) = (A’ (apn +--+ 310) (Fren_-1--+ 2300) (Tan—1-++x311)), 
Pr, (Enln—-1+++ 2300) = ((@p +++ 2300) B! (T_en—1-++2301)(FrIn_1---2310)), 
Pan (EnXn—-1°°+ 4301) = (C’ (ay +++ 0301) (Feen-1 +++ v311)(Fren_-1---2300)), 
Pan (EnXn—-1°°+ 311) = ((ay +++ 0311) D! (Fpan_-1-++2310)(Tran-1--+x301)), 


where 7 = 1 — x;. 
By using the method of researching regions of embedding from rotation system in [19], the 
following four kinds of facial cycles on $” or S” 


((002,—2 +--+ 2310), (002, -2---2300), (Ola,-2--- 2300), (Ola,-2---2310)); 

((Alap,_—2+++ 2310), (11la,_2---2300), (10@,-2--- 2300), (10a,-2---2310)); 

((00a,-2 ++: 311), (002%, -2---2301), (Ola,_-2--- 2301), (Ola,-2---2311)); 

((Alap,_2+++ 311), 11an_2---2301), (10@,_-2--- 2301), (10a,-2---a311)); 
are replaced in 7, by the following eight facial 4-cycles: 


(00,9 * 


£310), (00an_2-- 


300), (10a,—-2 °° 


- £300), (102n_2:° 
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((002,—2 +++ #300), (Ola,_2--- 2300), (1la,-2--- 2300), (102,-2---2300)); 
((Olap,—2++- #300), (Olan_2---2310), (Lla,-2--- 2310), (Lla,-2---2300)); 
((Olap,—2+-- 2310), (O02, -2---2310), (10@,-2--- 2310), (Lla,-2---%310)); 
((00a,—2 +++ 311), (002, -2---2301), (10@,_-2--- 2301), (10a,-2---a311)); 
((002,—2 +++ #301), (Olan_2---%301), (Lla,_-2---2301), (10a,-2---2301)); 
((Olan—2-++ 2301), (Olap,_2--- 2311), (11¢,_2-+- 2311), (Llan_2---2301)); 
((Olap,—2+++%311), (O02, -2--- 2311), (10@,~-2--- #311), (Lla,-2---2311)) 


and the other regions are not changed. As a result, each region of 7, is a 4-cycle. By the Euler’s 
formula, the genus of embedding 7p of Qn is exactly 2((n—5)2”—441)+2"-3—1 = (n—4)2"-341. 
Further more, it could be found that the following three kinds of 4-cycles 
((@n +++ 2310), (an +--+ 2300), (an --- 2301), (ap, ---%311)); 
(({n +++ 2310), (an +++ 2300), (Fran-1--: 2300), (Fren-1-+-x310)) and 
((@n +++ 2301), (an +++ 311), (Fren-1--++ 2311), (Fren-1-+-x301)) 


for x; € {0,1} and 3 <i <n are facial 4-cycles on 7p. 
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000 
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Lemma 2.5(([26]) 


(1) FQ, is a bipartite graph if and only if n is odd. 
(2) Ifn is even, then the length of any shortest odd cycle in FQ, isn+ 1. 


Theorem 2.6 The genus of FQn(n > 3) is given as y(FQn) = (n—3)2"-3 +1 for n is odd 
and (n — 3)2"-3 +1 < 7(FQn) < (n — 2)2"-3 +1 for n is even. 


Proof FQ, is embedded on the surface of genus y(F'Q,,) with m vertices, q edges and r 
regions, where m = 2” and q = (n+ 1)2”~!. From Lemma 2.5, the girth of FQ, is 4 for n > 3. 
By Euler’s formula, 4r < 2g, m—q+r = 2-27(FQn) < m— $, so 27(FQn) — 2 > 4-—™m. 
That implies y(FQn) > (n — 3)2"-3 + 1. 

To finish the proving, we only need to give an embedding of FQ, such that the genus of 
embedded surface is (n — 3)2"~3 +1 if n is odd, and is (n — 2)2”-3 +1 if n is even, respectively. 

First, Q, is embedded on the surface with rotation system ao which is the same as the 
embedding 7, in Lemma 2.4, then we have the following rotations: 
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Po(@n-++%310) = (A(an---@311)(an +++ 2300)), 
Po(tn +300) = (Blan -- £310) (2n x301)), (2.1) 
Po(@n+++%301) = (C(an +--+ 2300) (ap +--+ 2311)), 
Po(@n+++%311) = (D(ay +++ 2301)(@p +--+ 2310)) 
Or 
Po(@n-++%310) = (A(an---@300)(@n +--+ 2311)), 
Po(@n-++ #300) = (B(ay,--+%301)(a,---x%310)), (2.2) 
Po(@n+++%301) = (C(an +++ 4311)(apn +--+ 2300)), 
Po(@n-++%311) = (D(2n -- 310) (an ---2301)), 


where A, B,C,D are the ordered sequences of vertices which is incident with (2, ---x310), 
(an -++2300), (an +++ 301), (ap, --- 2311), respectively. 


According to po of formulae (2.1) and (2.2) respectively and the fact that graph FQ, is 
obtained from Q, by adding complementary edges, the rotation system, denoted by 0, of FQ, 
is gotten from rotation system o as followings: 


po(an-++-%310) = (A(ay-+-@311)(F_---F301)(x,---x300)), 
po(an-+- #300) = (B(x, ---2310)(F_---FZ11)(ay---%301)), (2.3) 
po(n+-+£301) = (C(an +++ 2300) (Tp: ++ F310)(xp_--+2311)), , 
po(an-+-%311) = (D(a, --- 2301) (Z_-- - F300) (ay - ++ 2310)). 

Or 
po(En + F310) = (A(Eq-- -%300) (arn ---2301)(E_--- F311), 
po(Fn ++ F300) = (B(Fn-+-T301)(tn +--+ €311)(Tr- ++ F310), (2.4) 
po(Tn-*- F301) = (C(Gw- F511) (en + #310)(Tq- 7500), . 
po(@n ++: %311) = (D(Fy_--- FZ10)(x@pn--- 2300)(G_--- FZ01)), 

where 7 = 1 — 2. 

If n is odd, by the embedding o of Q,,, the two kinds of 4-cycles 

((tn +++ £310), (@n +++ 2300), (@n +++ 2301), (2n +++ 2311); (2.5) 


((Gn ++ +%310), (Gr: -- F311), (Gr: -- F301), (Fr: --FZ00)) 


are facial cycles of this embedding of Q,, on the clockwise direction (or counter-clockwise di- 
rection). From the definition of 6 of FQn, the following four kinds of complementary edges are 
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added in the facial cycles (2.5) shown in (a)(b) of Fig.3. 


((@n +++ #310), n+ ++ F301); (an +++ 2300), Tn + F311); 


(2.6) 
((atn «++ £301), (E+ F510); (ay «++ 2311), En: --Fz00)). 


In++:x300 Fy---X300 


In-+++ 2301 En-+: #301 
In-++ 311 En-+: 311 
En-::2310) Fy---¥310 

(a) 
En++:2311  Fy---%300 
In-+++ 2301 En-+: #301 
Ln +++ 2300 En +++ #300 
En-+:2310 Fy---%310 
(b) 
En: 2311 Fy---%300 
In-++ 2301 Fn-+: 2301 
Ln +++ x300 En: a@3ll 
En-::2310) Fy---¥310 
(c) 
In++:2300 By--- F311 
In-+++ 2301 En--: e301 
En: 2311 Bn +++ £300 


In-+:2310) Fy---¥310 


(d) 


Fig.3 Two kinds of embedding depending on n being odd or even 
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As a result, the regions (2.5) of o are replaced by the following four kinds of 4-regions in 
0 of FQn: 


((an+++2311), (an +++ 4310), (Fy --- F301), (Tr -- -FZ00)); 
((an +++ 2300), (tn +++ 2301), (Fr --- F310), (Gr --FZ11)); 
((@n +++ 2310), (@n +++ #300), (Fp - ++ F311), (G_---FZ01)). 


The other regions are not changed, thus all regions of embedding @ of FQ, are all 4-cycles, 
and the number of regions is 2"~?(n + 1). Recalled that FQ, have 2” vertices, 2”~!(n + 1) 
edges. By Euler’s formula, the total genus of 6 of FQ, for n being odd is (n — 3)2"-3 + 1. 

If n is even, by the embedding o of Qn, the two kinds of 4-cycles 


((@n -+++2310), (an +++ %300), (an --- 2301), (an +--+ 2311)); 


(2.8) 
((En +++ F310), (Gm: -- F300), (Zr: --FZ01), (Fr ---FZ11)) 


are facial cycles of this embedding of Q, on the clockwise direction (or counter-clockwise direc- 
tion). From the definition of 6 of FQ,, By adding four kinds of complementary edges of (2.6) 
in facial cycles (2.8) shown in (c) and (d) of Fig.3, the regions in (2.8) of o are replaced by the 
following two kinds of 8-cycles in 6 of FQn: 
((@n-++0310), (a +++ 311), (Fr- ++ F300), (Tr + -F310), 
(Ln ig -x301), (Ln ed - 2300), (Tn- . -%311), (Enr- : -%301)); 
(an +++ 310), (an +++ 300), (Fr- ++ F311), (Tr: + -F310), 
(%n +++ 2301), (tn +++ @311), (Gn +++ Z300), (Gn ---T301)). 
As a result, the number of regions in @ is less 2”~! than regions in 7. By Euler’s formula 
2” — 2r-1(m + 1) + (2"-2n — 2-1) = 2— 2h, the genus h of embedding 6 of FQ,, for n being 
even is (n — 2)2"-3 + 1. 














From Lemmas 2.2 and 2.3, the following theorem is immediately obtained. 


Theorem 2.7 The mazimum genus of FQn is given by yu(FQn) = (n—1)2”~? for n > 3. 
Furthermore, y(F'Q2) = 0,ymu(FQ2) = 1. 
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Abstract: Representation of a set of vertices in a graph by means of a matrix was intro- 
duced by Sampath Kumar. Let G(V,&) be a graph and S C V be a set of vertices, we 
can represent the set S by means of a matrix as follows, in the adjacency matrix A(G) of 
G replace the a;; element by 1 if and only if vu; € S. In this paper we define set energy 
and find its properties and also study the special case of set S being a dominating set and 


corresponding domination energy of some special class of graphs. 
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§1. Introduction 


A set D C V of G is said to be a Smarandachely k-dominating set if each vertex of G is 
dominated by at least k vertices of S and the Smarandachely k-domination number 7x(G) of G 
is the minimum cardinality of a Smarandachely k-dominating set of G. Particularly, if k = 1, 
such a set is called a dominating set of G and the Smarandachely 1-domination number of G is 
called the domination number of G and denoted by y(G) in general. 

The concept of graph energy arose in theoretical chemistry where certain numerical quan- 
tities, as the heat of formation of a hydrocarbon are related to total 7 electron energy that 
can be calculated as the energy of corresponding molecular graph. The molecular graph is rep- 
resentation of molecular structure of a hydrocarbon whose vertices are the position of carbon 
atoms and two vertices are adjacent, if there is a bond connecting them. 

Eigenvalues and eigenvectors provide insight into the geometry of the associated linear 
transformation. The energy of a graph is the sum of the absolute values of the eigenvalues of its 
adjacency matrix. From the pioneering work of Coulson [2] there exists a continuous interest 
towards the general Mathematical properties of the total a electron energy ¢ as calculated 
within the framework of the Huckel Molecular Orbital (HMO) model. These efforts enabled 
one to get an insight into the dependence of ¢ on molecular structure. The properties of ¢(G) 
are discussed in detail in [7-10]. 
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The importance of eigenvalues is not only used in theoretical chemistry but also in analyze 
structures, car designers analyze eigenvalues in order to damp out the noise to reduce the 
vibration of the car due to music, eigenvalues can be used to test for cracks or deformities in 
a solid, oil companies frequently use eigenvalue analysis to explore land for oil, eigenvalues are 
also used to discover new and better designs for the future [23]. 

Representation of a set of vertices in a graph by means of a matrix was introduced by 
Sampath Kumar [5]. Let G(V, £) be a graph and S C V be a set of vertices we can represent 
the set S by means of a matrix as follows, in the adjacency matrix A(G) of G replace the a;; 
element by 1 if and only if vu; € S. The matrix thus obtained from the adjacency matrix can be 
taken as the matrix of the set S, denoted by Ag(G) and energy E(G) obtained from the matrix 
Ag(G) is called the set energy denoted by Es(G). In this paper we consider the special case 
of a set S being a dominating set and the corresponding matrix is domination matrix denoted 
by A,(G) of G and energy E(G) obtained from the domination matrix A,(G) is defined as 
domination energy denoted by E,(G). For any undefined terms or notation in this paper, we 
refer Harary [6]. In this paper we define set energy and find its properties and also study the 
special case of set S being a dominating set and corresponding domination energy of some 
special class of graphs. 

Let the graph G be connected and let its vertices be labelled as v1, v2, v3,..-,Un- The dom- 
ination matrix of G is defined to be the square matrix A,(G) corresponding to the dominating 
set of G. The eigenvalues of the dominating matrix are denoted by 1, k2,3,+-: , Kn are said 
to be A, eigenvalues of G. Since the A, matrix is symmetric, its eigenvalues are real and can 
be ordered ky > kg > K3 S++: S Kn. 


n 


Ey = E,(G) = )° |x|. (1) 


i=1 
This equation has been chosen so as to be fully analogous to the definition of graph energy [7-9] 


n 


E=E(G)=)0 Ail (2) 
i=1 
where \y > Ap > A3 S++: S An are the ordinary graph eigenvalues [7] that is, the eigenvalues 
of the adjacency matrix A(G). Recall that in the few years, the graph energy E(G) has been 
extensively studied in the mathematics [11-15] and mathematic-chemical literature [16-25]. 


§2. Main Results 


Let G(V, £) be a graph, S C V and A(G) be the adjacency matrix of G. Replace the a;; 
element by 1 if and only if vu; € S$. The matrix thus obtained from the adjacency matrix can 
be taken as the matrix of the set S. 


Definition 2.1(Minimal dominating energy) A dominating set D in G is minimal dominating 


set, if no proper subset of D is a dominating set. The domination energy E,(G) obtained for 
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minimal dominating set is called Minimal Dominating Energy denoted by Ey—min(G). 


Definition 2.2(Minimal dominating energy) A dominating set D in G is maximal dominating 
set, if D contains all the vertices of G. The domination energy E,(G) obtained for maximal 


dominating set is called Maximal Dominating Energy denoted by Ey—max(G). 


Observation 2.3 If A(G) is the adjacency matrix corresponds to the graph G(V, E), Ay—min(G) 
is the adjacency matrix corresponding to the minimal dominating set Smin and Ay—max(G) 
is the adjacency matrix corresponding to the maximum dominating set Smax. Cardinality 
|Smin| < |S] < |Sinax| where set S is the dominating set whose cardinality is in between minimal 
and maximal dominating set. A graph G(V, E) 4 Ky, n > 3 then Ey_min(G) te < E,(G) < 
Ey—max(G) + €, where ¢ is the error factor such that |e| < 1. 








Corollary 2.4 A graph G(V,E) #4 K,,n > 3 then E(G) < Ey-min(G). 








Observation 2.5 A graph G(V, E) = Ky, n > 3 then Ey_min(G)te > Ey(G) > Ey—-max(G)+e, 
where ¢ is the error factor such that |e| < 1. 


Corollary 2.6 If graph G(V, E) = Kn, n > 3 then E(G) > Ey-min(G). E(K,) = 2(n—-1) 
Ey—min (Kn) = (n — 2) + Vn? — 2n+5 (Theorem 4.3). 





Observation 2.7(Set Energy] Domination energy is the energy calculated w.r.t. the dominating 
set, but in order to understand the spectra of dominating set we generalize the concept as set 
energy. That is w.r.t. the set of different cardinality the energy were found. Energy for the 
|S| = 0 is the energy of the Graph E(G). Similarly we find the energy for |.S| = 1 to n. The 
particular case of set energy is the domination energy. 


1. P, and C¢ are the only graphs with set energy of |y~| = |2| and |y| = [6], |1] = [5], 
|2| = |4| respectively. Spectra are different but energy is same. 

2. In energy of graph )>;_, A? = 2m, m is the number of edges where as for Set energy 
iL kK? = 2m + |S], |S] is the cardinality of set for which energy is calculated. 

3. Set energies are symmetry in nature i.e., w.r.t. the shape of the graph (molecule). This 
can be proved by showing the matrix for the respected set will be same with the corresponding 
operationR; — R;, Cy < C;. Example in a cycle of order n, label the vertices as v1, v2, U3, -.-, Un 
clockwise then Es (Ui, Vig-1) = Eg (Vidi; Vit2) Eg (vi, Ui42) = Es (Vidi, Vi43) etc. where i = 1 
ton—landj=1 ton. 

4. In energy of graph >7,_, 
i<j Kiky 2 —m, for |S] A1, Dij,2; kik; > —m. 


5. In energy of graph }>;_, \4; = 0 where as for the set energy )>y., A; = |S|, i= 1 ton. 


AiAj; = —m, m is the number of edges where as for Set energy, 


6. It was found that there are same spectra for different sets of same cardinality (symmetry 
w.r.t. shape). Different spectra for different sets of same cardinality. Different spectra with set 
energy being same for the set with different cardinality. 


7. If A; is the highest eigenvalue w.r.t. energy of graph then V/A < \; < A. If «1 is the 
highest eigenvalue w.r.t. set energy of graph then /A+1 <4; <A+1. 
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8. In energy of a graph, characteristic polynomial is given by y(G : A) = A” + ayAn-t + 
ag A"—2+...+4n, a, = 0, —a2 is number of edges, —a3 is twice the number of triangles in G. For 
set energy the characteristic polynomial is given by y(G : &) = kK" +a1K"~ 1+ agK"-7+...+4n, 
a, and az are same for all characteristic polynomial with same cardinality of the set S, where 
a, = —|S|, but ag varies w.r.t. the cardinality of the set, i.e., when |S] = 1, ag = —e = wu, 
e is the number of edges for a given graph. When |S| = 2, a2 = uy +1 = ue, when |S| = 3, 
ag = Ug +2 =us,.... When |S| =n, ag = Uun-1 + (n— 1). Finding a; for i > 2 is difficult for 
different cardinality of the set for the same graph. 


§3. Preliminary Results 


The following results comes from [22]. 


1. A graph G(V, E) with n > 3 and GF K,, then 
Bm + n(n — 1) (det A)” < By_min(G) < V2mn, 


where m is the number of edges and n is the number of vertices in G. 

2. <A graph G with n vertices without isolated vertices, with n > 3 and G # K,, then 
Ey—min(G) > 2/n+e. 

3. Kn n is a Complete regular bipartite graph with n > 3, then 


Ey—min (Kn jn) < 2 |V | = 2, 


where |V| is the cardinality of vertices in G. 

4. A graph G(V, £) with n > 3 then Ey_min(G) < 
of vertices in G. 

5. A graph G(V, £) is a complete graph with n > 3 then E, (Kn) < /mn where m is the 
number of edges and n is the number of vertices in G. 

6. <A graph G(V,£) with n > 3 then Ey—min (Kin-1) < Ey—min (In) < Ey—min (Pr) 
where Ky ,-1 is star graph with n vertices, T;, is tree with n vertices and P, is path with n 


(vn + 1) +e where n is the number 


wl s 


vertices. 


§4. Characterizing Graphs w.r.t. to the Unique Dominating Set 


Case 1 7(G)=1. 


The characteristic polynomial is found using the method of Souriau (Faddeev & Frame) 
[21] which is also a modified method of Leverrier’s method. 


Theorem 4.1 For any given star Ky n-1 with n > 3, the characteristic polynomial is given by 
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K™ + qyK" t+ gon”? = 0 with 


Ey—min (Ki n—1) =V 4n — 3 
E (Ki n—1) = 2Vn -—1 < Ey—min (Ki n—1) =v An — 3. 


Proof Consider a star, Ky,n-1. Label the vertices v1, v2,U3,...,Un such that v; has 
the maximum degree, hence in the domination matrix aj; = 1 and all other a;; = 0, the 
characteristic polynomial is found using the method of Souriau (Faddeev & Frame) [21] which 
is also an modified method of Leverrier’s method. That is, the characteristic polynomial is 
given by &” + qk! + qgk” 2 +++» + dn—-1Kk + dn = 0 where, 


Aj = A, a = —TraceA, By => Aj + gtn, 
where J, is the unit matrix of order n. 


1 
A,=AB,, qg= — 5 TraceAa, Bz = Az + qn, 





1 
A3 = AB2, @= —gTraceAs, Bz = A3 + q3In 


1 
An = ABn-1, Gy = ——TraceAyn, By = Ant+dntn. 
n 


Now consider an domination matrix of Ky,,-1, whose y(A1,n-1) = lL. 








1 11 i1- - JI 
100 0- - 0O 
1 0 0 0- —- O 
A => 1 0 0 0 —_ —_ 0 ; Aj = A, na = —TraceA, => —1. 
100 0- - 0O 


By =A,+qln = Ar -—In 


0 1 1 Se; ¢e= ab 
1 -l1 0O 0 -—- — 0O 
1 O -1 0 -—- — O 
= {1 0 0 -1l -—- — O 
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Ag = AB, 











n 





1 
5 TraceAg = 


q2 


Ao + qaln = Ag — (n-1)In. 


By = 








< 
j=) 
| l | | | 
| Oo | So | 
Sal 
oo Oo | (=) 
eS 
Sal 
SS ae! oO 
< 
re 
Oo LP Aol eS 3S S 
< 
re 
i | oO 





oe oa 
| oo 
ee | oo 
oa 


—n+2 


—n+2 


—n+2 
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A3 = AB, 
tod eke de = ee 0 0 
1 0 0 0 — — OF |O0 ~-n+2 
1 0 0 0 — — OF J0 1 
=/1 0 0 0 — — Of J0 1 
0 1 
0 = 
1 0 0 0 — — OF 10 1 
0 0 0 0 -—- — O 
0 0 0 0 -—- — O 
0 0 0 0 —- — O 
=/0 0 0 0 - —- Of, 
0 0 0 0 —- — O 


1 
q3 = —3 TraceAs =0 


Bg = Ag + q3ln = A3 + OLn => As. 








0 0 0 0 —- — O 
0 0 0 0 -—- — O 
0 0 0 0 -—- — O 
0 0 0 0 — — Of, 
0 0 0 0 -—- — O 


1 
a= —qTraceAg =0 


0 0 - = 0 

1 1 - = 1 
—n+2 1 - - 1 

1 —n+2 - —- 1 

1 1 -— = 1 

- - - = 1 

1 1 - — —-n+2 


Similarly all the further A; will have a;; = 0 hence q; = 0, for i = 3 to n. 


Hence the resultant characteristic polynomial is K” + qjK"~+! + qgk"~? = 0 implies K” — 


2 


K"-1_(n — 1) K"~? = 0. Solving this equation we get roots (eigenvalues). K”~? (Kk? —« — (n—1)) = 
0.Whence,k”~? = 0 or (Kk? —K —(n—1)) =0. 


Notice that «”~? = 0 implies n — 2 roots are zero and solving K? — « — (n — 1) = 0 enables 


one knowing that 


=> 





1d 


+ /1—4(1)(—-n +1) 


2 


14 





+ /4n — 3 
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where n > 3. Hence the roots are 


ae 


Ky = —————_ and m=~( 5 
1+v4 + /4 1 
n os n—3 ~ /ma3 





Thus, Ey—min (Ki n—1) -— > [Kal = 
w=1 





L.e., E (Ki n—1) = 2V n—-1 < Ey—min (Ki n—1) =v 4n — 3. 











Corollary 4.2 For any given thorn star Sy fork =1, Sy ts a star with t vertices. 


Theorem 4.3 For any given Complete Graph K,, with n 


> 3, the characteristic polynomial is 
given by (K — i (Ce? —(n—-1)K-— 1) =0 and Ey—min (Kn) 


= Vn? —2n+5+4+(n—- 2). 


Proof Label the vertices v1, v2, U3,...,Un such that v, is the dominating set, hence in the 
domination matrix aj; = 1 and all other a,; = 0, the characteristic polynomial is found using 
the method of Souriau (Faddeev & Frame) [21] which is also an modified method of Leverrier’s 
method similar to Theorem 1. That is, the characteristic polynomial is given by 


K+ KT) + qoK" 7 +... + Gn-1K + In = 0. 
It can be shown that the characteristic polynomial of complete graph is given by 
(«-1)"? (Kk? —(n—1)k—1) =0. 


On solving the equation we get 





(«—1)""? =0or (K? —(n—1)k—1) =0. 


Notice that (« — 1)"~* = 0 implies « = —1,—1,—1,...,—1(n — 2) times and 





K? —(n—1)e—-1=0. 


n—-1t (gp —1)? -41)(-1) ie Lent — 2 5 
2 7 2 








where n > 3. Hence the roots are 


Rhyne = aS Aten te pee) 
————_—_—__— 2=- ———<———— , 





ue 2 2 
Thus, Fyn (Ky) = >, || 
i=1 
n—-14+Vn?—2n+5+ Vn? -—2n+5-(n-1) 





Ey—min (Kn) =V n2 — 2n +54+ (n = 2). 
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Case 2 7(G) =2. 


During the study of chemical graphs and its Weiner number, the Yugoslavian Chemist 
Ivan Gutman introduced the concept of Thorn graphs. This idea was further extended to the 
broader concept of generalized thorny graphs by Danail Bonchev and Douglas J Klein of USA. 
This class of graphs gain importance in spectral theory as it represents the structural formula 
of aliphatic and aromatic hydrocarbons [3]. 


Definition 4.4(Thorn Rod) A Thorn rod is a graph P, which includes a linear chain (termed 


as a rod) of p vertices and degree t terminal vertices at each of the two rod ends. 


Definition 4.5(Thorn Star) A Thorn Stars are the graphs obtained from ak arm star by 


attaching t — 1 terminal vertices to each of the star arms and are denoted as Sx +. 


Definition 4.6(Thorn Ring) A t Thorny Ring has a simple cycle as the parent, and t — 2 
thorns at each cycle vertex. 

Cy consists of 2n vertices where n vertices on the cycle are degree three and remaining n 
vertices are pendant vertices. 

CY consists of n(t—1) vertices of which n vertices are in cycle each of degree t and n(t—2) 


pendant vertices. 


Theorem 4.7 For any given thorn rod P21, the characteristic polynomial is given by K2—4(K? — 


(t — 1))(K* — 26 — (t—1)), where n being the order of G given by n = 2t and Ey—min (Pot) = 
2/t—1+ 2vi. 





Proof The characteristic polynomial can be found using the method of Souriau (Faddeev 
& Frame) [21] which is also an modified method of Leverrier’s method. Instead we generalize 
the result obtained for few thorn rods. For t = 1, Po is a path with 2 vertices, t = 2, Po 2 
is a path with 4 vertices. The characteristic polynomial of P2; for t > 2 is given by, for P2,3, 
K2(K? — 2)(K2 — 26 — 2), Poa, K*(K? — 3)(K? — 26 — 3), Pos, K9(K? — 4)(K? — 2n — 4), Poo, 
K°(K? —5)(K? — 2 —5), hence for P2, the characteristic polynomial is given by, K2*—4(K? — (t — 
1))(K? —2« — (t—1)), n = 2t. Solving the two quadratic equations and summing their absolute 
eigenvalues we obtain Ey—min (P22) = 2Vt— 14+ 2vt. 














Theorem 4.8 For any given thorn rod P34, the characteristic polynomial is given by K7*~3(K? — 


kK — (t—1))(K? —K — (€+1)), n= 2t4+1 and Ey_min (P34) = V4t— 34 V4t +5. 





Proof The proof is similar to the above theorem. For t = 1, P31 is a path with 3 vertices, 
t = 2P3 is a path with 5 vertices. For t > 2 the characteristic polynomial is given by, for P3,3, 
K3(K? — 6 — 2)(K? — & — 4), P34, K°(K? — 6 — 3)(K2 —& — 5), Po5, K(k? —K — 4)(n2 —& — 6), 
hence for P34, «7*~3(«K? — « —(t—1))(K? —K—(t+1)), n = 2t+1. The corresponding minimal 


domination energy is /4t — 3+ /4t+ 5. 


























Theorem 4.9 For any given thorn rod Py, the characteristic polynomial is given by K2*—4(K3 — 


(t+ 1)K — (t— 1))(K3 — 2a? — (t-1)k + (t-1)), n= 2t42. 
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Proof For t= 1, Pai is a path with 4 vertices, t = 2, Py2 is a path with 6 vertices. For 





t > 2 the characteristic polynomial is given by, for Py,3, K?(K? — 4K — 2)(K3 — 2K? — 2K + 2), 
Pya, 64(K3 — 56 — 3)(K3 — 26? — 34 +3), Pas, 6°(K? — 6x — 4)(K3 — 2n? — 4e + 4), hence for 
Pat, 67*-4(K3 — (f+ 1)K — (t — 1))(K3 — 26? — (t-1)k + (¢-1)), n = 2¢ + 2. Solving a cubic 
equation is quite difficult. 























Corollary 4.10 For any given thorn star Sy. for k = 2, So4 ts a P34. 


Case 3. 7(G) =3. 


Theorem 4.11 For any given thorn star S34, the characteristic polynomial is given by, 


Kt (4K? —  — (t+2))(K? —& — (t—1))?, n = 3t41 and Ey_min (S32) = V4t+ 9 + 2V4t — 3. 





Proof Thorny star $3; has 3 arm and ¢ — 1 terminal vertices, hence y(G) = 3. The 








characteristic polynomial of 93.9, «1(K? —K —4)(K? —K—1)?, $3.3, K4(K? — K — 5)(K? — K — 2)?, 
S34, K'(K? — & — 6)(K2 — & — 3), hence for S34, K°*—5(K? — « — (t + 2))(K2 —& — (t— 1)), 
n = 3t+ 1. The corresponding minimal domination energy is //4t + 9 + 2\/4t — 3. 

















Theorem 4.12 For a given thorn ring C$, with three vertices on the cycle of degree t and 
n(t—1) vertices, the characteristic polynomial is given by, K°*—°(K? — (t —2))?(K? — 3x — (t—2)) 


and Ey—min (C$) = 4Vt— 24+ /4t +1. 


Proof Thorn ring Ct, has n(t — 1) vertices, n vertices on the cycle and n (t-2) pendant 
vertices, t is the degree of each vertex on the cycle. The characteristic polynomial of C3, 
K°(K2 — 1)?(K? — 36 — 1), Ch, 63 (K? — 2)?(K? — 3« — 2), C3, K9(K? — 3)?(K? — 3% — 3), CF, 
K? (Kk? —4)?(«K* —34—4). Hence for C$, 634~9(K? — (t—2))?(K? —3«—(t—2)). The corresponding 
minimal domination energy is 4\/t — 2+ V/4t +1. 














Case 4 7(G) =4. 


Theorem 4.13 For any given thorn star S44, the characteristic polynomial is given by, 


KT («2 — — (t+3))(K? —K— (t-1))3, n = 4t4+1 and Ey-min (S44) = V4t + 134+ 3V4t — 3. 





Proof Thorny Star S44 has 4 arm and t — 1 terminal vertices, hence 7(G) = 4. The 








characteristic polynomial of $4.2, 1 (K? — K — 5)(K? —«h — 1), S43, K°(K? — & —6)(K? — & — 2)3, 
S44, K°(K? — & — 7)(K? — & — 3)9, hence for S44, K4*-7(K? — « — (t + 3))(K2 — & — (t — 1))3, 
n = 4t+1. The corresponding minimal domination energy is /4t + 13 + 3V/4t — 3. 

















Theorem 4.14 For any given thorn rod P54, the characteristic polynomial is given by, K7*~3(K?— 


kK — t)(K* — 263 — (t+ 1)K2 + ((+2)K 4 (2t— 2)), n= 2t4+ 3. 





Proof For P52, y(G) = 3, for t = 1, Ps is a path with 5 vertices, t = 2, P52 is a path 
with 7 vertices. For t > 2 the characteristic polynomial is given by, for P53, K3(K? — K — 
3)(K* — 2K? — 4K? + 5K +4), Psa, K°(K? — & — 4)(K* — 23 — 5x2 + 64 +6), P55, K(K? —K 
5) («4 — 2K3 — 6K? + 7K + 8), P56, K9(K? — & — 6)(K* — 2K? — 7k? + 8x +10), hence for Ps +, 
Kk-3 (Ke? — & — t)(K* — 2K3 — (t + 1)K? + (t+ 2)K + (2t — 2)), n = 2t + 3. These result can 
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be extended to P7,, which has a unique minimal dominating set where as Ps has two minimal 














dominating set. 


Theorem 4.15 For any given thorn ring Ci, with four vertices on the cycle of degree t and 
n(t —1) vertices, the characteristic polynomial is given by, K*¢—1?(K? + « — (t — 2))(K2 — K — 


(¢— 2))?(n? —3n —(¢—2)) and Ey_min (CH) = /4E+1+ 3V4t— 7. 


Proof The characteristic polynomial of C?, K°(«K? + « — 1)(K? — K — 1)?(K? — 3x — 1), Cf, 
K4(K? + &— 2)(K? — & — 2)?(K? — 3K — 2), CP, n8 (Kh? + — 3)(K? — K — 3)?(K? — 3x — 3), hence for 
Ch wAt-12 (a? + — (t — 2))(K? — & — (t — 2))?(K? — 3x — (t — 2)). The corresponding minimal 


domination energy is //4t + 1+ 3/4t — 7. 























§5. Open Problems 


1. Domination energy for other standard graphs can be explored. 

2. The relation between these parameters can be extended to other classes of graphs and 
other types of domination. 

3. Application of Set and domination energy has to Explored. 
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Abstract: An edge magic total labeling of a graph G(V, E) with p vertices and q edges is 
a bijection f : V(G) U E(G) = {1,2,--- ,p+q} such that f(u) + f(v) + f(uv) is a constant 
k for any edge uv € E(G). If there exist two constants ki and kz such that the above sum 
is either ki or ke, it is said to be an edge bimagic total labeling. A total edge magic (edge 
bimagic) graph is called a super edge magic (super edge bimagic) if f(V(G)) = {1, 2,--- ,p} 
and it is called superior edge magic(bimagic) if f(£(G)) = {1,2,--- ,q}. In this paper, we 


investigate and exhibit super and superior edge bimagic labeling for some classes of graphs. 
Key Words: Graph, labeling, bimagic labeling, bijective function. 
AMS(2010): 05C78 


§1. Introduction 


All graphs considered in this article are finite, simple and undirected. A labeling of a graph G is 
an assignment of labels to either the vertices or the edges, or both subject to certain conditions. 
Labeled graphs are becoming an increasingly useful family of mathematical models from a 
broad range of applications such as coding theory, X-ray, Crystallography, radar, astronomy, 
circuit design, communication networks and data base management. Graph labeling was first 
introduced in the late 1960s. A useful survey on graph labeling by Gallian (2012) can be found 
in [4]. We follow the notation and terminology of [5]. 

A graph G = (V,£) with p vertices and q edges is called total edge magic if there is 
a bijection f : V(G) U E(G) — {1,2,---,p+ q} such that f(u) + f(v) + f(uv) = & for 
any edge uv € E(G). The original concept of total edge-magic graph is due to Kotzig and 
Rosa [6] who called it magic graph. A total edge-magic graph is called a super edge-magic if 
f(V(G)) ={1,2,--+ ph 

Wallis [7] called super edge-magic as strongly edge-magic. The notion of edge bimagic 
labeling was introduced by Baskar Babujee [1]. A graph G with p vertices and q edges is called 
total edge bimagic if there exists a bijection f : V(G) U E(G) — {1,2,---,p+q} and two 
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constants ky and kz such that f(u) + f(v) + f(uv) is either k, or kp for any edge uv € E(G). A 
total edge-bimagic graph is called super edge-bimagic if f(V(G)) = {1,2,--- , p}and it is called 
superior edge bimagic if f(H(G)) = {1,2,--- ,q}. In this article, C, 6 C77, Cy ECT , Cn OCh , 
Cn € Cn, (Kim + Ki) 6 Ct and G 6 (P2 +mkK,) are shown to admit super and superior edge 
bimagic labeling. 


Definition 1.1([2]) A bijection f : V(G)UE(G) — {1,2,3,---,p+q} ts said to be super edge 
bimagic total labeling of G if there exist two constants k; and kp such that f(u) + f(v) + f(uv) 
is either ky or ko for any edge uv € E(G) and f(V(G)) = {1,2,--- , p}. 


Definition 1.2((8]) A graph G with p vertices and q edges is called superior edge magic if there 
is a bijection f : V(G)UE(G) => {1,2,3,--- ,p+q} such that f(u)+ f(v)+ f(uv) is a constant 
for any edge uv € E(G), where f(E(G) = {1,2,---,q}. If f(u) + flv) + f(uv) are all distinct 
for all uv € E(G), then the graph is called superior edge antimagic total labeling. 


Definition 1.3((3]) If Gi(pi,q) and Go(p2, q2) are two connected graphs then the graph ob- 
tained by superimposing any selected vertex of Gg on any selected vertex of G; is denoted by 
G1 6 Gg. The resultant graph G = G 6 G2 contains p; +p2 - 1 vertices and qi + q2 edges. In 
general, there are pip2 possibilities of getting from G1 and Go. 


Definition 1.4 G, é€ G2 is obtained from Gy and G2 by introducing an edge between an 
arbitrary vertex of Gy and an arbitrary vertex of Go. If Gi(pi,q) has pi vertices and q, edges 
and G2(p2,q2) has po vertices and qa edges then G, € Go will have (pi + p2) vertices and 
(q1 + 2 +1) edges. If Gi = Kim, Go = Ph. 


Interesting graph structures K1,éP, is obtained respectively using our operation defined 
above and we prove the following results. 


§2. Main Results 


In this section, we obtain super and superior edge bimagic labeling from connected magic 


graphs. 


Theorem 2.1 There exists at least one graph G from the class C,6C;, (n > 3) when n is odd 


that admits super edge bimagic labeling. 


Proof Let the graph G is obtained by superimposing a vertex of C;, on a pendant vertex 
of C+ is denoted by C, 6 C+ . We define that the vertex set V(G) = {vJ,vj;1 <j < 
n}Uf{uk:1<k<n-—1} and edge set E(G) = E, U F2U E3U Ey where Ey = {vl v3; 1<j<n} 
, Eo = {ugvytt 1 <j<n-I}, Es = {ukuktts 1 <k<n—2}, Ey = {vdu3,otul,olut‘}. 
Define a bijective function f : V(G)U E(G) — {1,2,3,--- ,6n — 1} is as follows: 


a ee 
For j = 1 ton, let f(vj) =n—1+4 J; For j = 1 ton, when j = 1(mod 2), let f(v3) = eS 


9 9 
Sse TO Hees PE ee ee ~ 
f(vjv3) = — and when j = 0(mod 2), let f(v3) = “ ‘. f(vgugt*) = 38n4+ 5-1. 
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For k = 1 to n— 2, let f(ututt!) = 6n —k; For k = 1 to n-1 ; when k = 1(mod 2), let 


k 
f(ut) = and when k = 0(mod 2), let f(uf) = 3° 





Let f(utvt) = 5n, f(vdu%) = 4n—1, f(vtu? +) = 5n 41. 


In the following cases, it is justified that the above assignment results in the required 
labeling. 


Case 1 For edges in £1, when j = 1(mod 2), we have 





F (vt) + f(v) + fete) = n-1t5t 


17n — 
= 7™7 a 
2 


dbn—-—j  10n-—g-1 
+ nm) 





and when j = 0(mod 2), we have 


























fot set febd) = n-1tg+ Sty 
_ ne 3 Si 
Case 2 For edges in £2, when j = 1(mod 2), we have 
foi) + F0o$) + febeyt) = At 4 PES pb an-14y 
23 ai 3 = 
and when j = 0(mod 2), we have 
Fh) + FH) + pebd) = Ate PE an-1 4) 
aa ai 3 ate. 
Case 3 For edges in E3, when k = 1(mod 2), we have 
ful) + Fuk) + subu)) = ERY AEE ona 
= ant 1 a 
and when k = 0(mod 2), we have 
fuk) + set) + Fedutt) = 5+ SFP one 


138n+4+ 1 - 
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Case 4 For the edges in F4, we have 

















5n — 1 17n—3 

F(vR) + fod) + f(obuk) = n+ pan -1 = Sk, 

+1 13n+ 1 
f(ut) + fot) + f(utel) = +n tin = “4 = bh, 

2 2 

-1 1 1 

vy) + for”) + F(vpur” a eater fe eae = kp. 
FOL) + FOR) + okay ; ; 





We observe that there are two constants k; and kz such that for each edge uv € E(G), 
1l7n—3 


2 





f(u)+f(v)+f (uv) is either ky or ko. From the above cases we have two constants ky = 
13n+1 

















and ky = . Hence the resultant graph admits super edge bimagic labeling. 


Illustration 1 The graph C 96Cf is given in Figure 1. It is super edge bimagic labelling is 
also indicated in the same figure. 








Figure 1 kj =75 kg =59 


Theorem 2.2 There exists at least one graph G from the class C,éC,*, (n > 3), when n is odd 


that admits super edge bimagic total labeling. 


Proof Let the graph G is obtained by introducing an edge between a vertex of C;, and 
a pendant vertex of C,t is denoted by C, € Ct . We define that the vertex set V(G) = 
{ui, vj, Wj; 1 < 4,7 <n} and edge set E(G) = E, U Ep U E3 U Ey where Ey = {ujuigi;sl <i< 
n—1}, Ey = {ujwjy3l <j < nh, Bs = {wjywjyyi31 <j <n-1}, Es = {urun, vitin, wi wn}. 
Define a bijective function f : V(G)U E(G) — {1,2,3,--- ,6n — 1} is as follows: 


For i = 1 ton—1, let f(uuwiz1) = 6n —i+1; For i = 1 to n, when i = 1(mod 2), 
b+ 1 D+ 1 
let f(ui) = is and when i = O(mod 2), let f(u:) = _. For 7 = 1 to n—1, let 
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bn —g+2 


f(wjwj41) = 38n4+ 9; For 7 = 1 to n, when 7 = 1(mod 2), let f(w;) = =——3— and when 
6n—-—j+2 
j = 0(mod 2), let f(w;) = “. For j = 1 to n, when j = 1(mod 2), let f(v;) =n+ 9 , 
10n-—j+1 19n-jg+l 
f(wjv;) = poe es and when j = 0(mod 2), let f(v;) =n+ J, f(wjv;) = as Let 


f(uitn) = 6n+1, f(viun) =5n+1 and f(wiw,) = 4n. 


In the following cases, it is justified that the above assignment results in the required 
labeling. 


Case 1 For edges in £1, when i = 1(mod 2), we obtain 


b+ 1 +742 ; 
f(us) + f(uiga) + fluiga) = = + = + 6n-i+1 


13n+5 _ 








ky 


and when i = 0(mod 2), we have 








f (us) + f(uiga) + f(uitigr) 


I 


Case 2 For edges in £2, when j = 1(mod 2), we obtain 


on—-j+2 10n-—jg+2 10n-jg4+1 
Br=j+2 , WOn=j+2 | 1On~j +l 





Flog) + Flwj) + Fojwj) = n+j+—>Z 5 5 
l7n+3 
= —— —-k 
5 2 
and when j = 0(mod 2), we obtain 
. 6n-j+2  9n-gt+il 
OGD ies CO) PROG) am Se ge 
1 
= Cg 
2 


Case 3 For edges in £3, when j = 1(mod 2), we obtain 


Bn—-j+2  6n—j+l 
ot Sg 


f (wy) + f(wj4i) + f(wjywji) = 5 5 +3n+ 3 
and when j = 0(mod 2), we have 
Fwy) + Flyer) + Fwy) = SEE PETE yan ty 


2 
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Case 4 For the edges in E4, we have, 























F (etn) + Flin) + Feit) = 1+ 2** 4 6a t1= SF = ky, 
F(01) + Flin) + (ort) =nt14+ 52" 4 inp 1= EP? = my, 
Hr Geant ai es me ee Ses 








We observe that there are two constants k; and kz such that for each edge uv € E(G), 
138n4+5 





f(u)+f(v)+f (uv) is either k; or kp. From the above cases we have two constants ky = 
1l7n+3 











and kz = . Hence the graph C,,éC;*, (n > 3) admits super edge bimagic labeling. 








Illustration 2 The graph CyeCh, is given in Figure 2. It is super edge bimagic labelling is 
also indicated in the same figure. 








Figure 2 kj = 74 kp = 95 


Theorem 2.3. There exists at least one graph G from the class C,6C,, (n > 3) when n is odd 


that admits superior edge bimagic total labeling. 


Proof Let the graph G is obtained by superimposing a vertex of C;, on a vertex of the 
same copy denoted by C, 6 C, . Now, we define that the vertex set V(G) = {ui,v;;1 < 
i <ns,l <7 < n—1} and edge set E(G) = FE, U Ey U E3 where Ey = {ujuigi;1 <i < 
n—1}, By = {ujvj4i31 < 7 < n—- 2}, Ey = {urun, vitin, UnUn—-1}. A bijective function 
f: V(G)U E(G) = {1,2,3,--- ,4n — 1} is given bellow: 


For i = 1 to n—1, let f(ujujy1) = 6n —i+1; For i = 1 to n, when i = 1(mod 2), 
L+1 i+1 
let f(ui) = as and when i = O0(mod 2), let f(ui) = a For i = 1 to n—1, let 
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mn —% 
f(uimigi) = t; For i = 1 to n, when i = 1(mod 2), let f(ui) = =; “ and when i = O(mod 2), 

















Sieee 
let f(ui) = = = For 7 = 1 ton— 2, let f(vjvj41) = n+24+ 9; For 7 = 1ton-—1, 
bn — J 6n—J9 
when j = 1(mod 2), let f(vj;) = ~ fy when j = O(mod 2), let f(vj;) = “5 J Let 
bn +1 
flvn—1) = Q ° fllntn—-1) = +1, f(vitn) =n+ 2, f(uita) =n. 


The above assigned labels are justified in the following cases. 


Case 1 For edges in £1, when i = 1(mod 2), we obtain 





7n—-it 8n-i-l 
————__ + 





f(ui) + f(uiti) + f(uiuigi) = aa 5 
15n—1 
- sh 


and when i = 0(mod 2), we obtain 


Bis. UE 
2 2 

lon L._ 
5 = 


| 
~. 





f (ui) + f(uita) + f(uimigr) 





1: 


Case 2 For edges in £2, when j = 1(mod 2), we obtain 








bn—-Jj 6n-j-1 ' 
Ff (vj) + F(vj4a) + Fojrj4ia) = 5} = pe ered 
1 
= ieee 
2 


when j = 0(mod 2), we obtain 








F(vj) + Fej4a) + fleprjgi) = 5 Page eed 
138n4+ 3 
= = kp. 
5) 2 


Case 3 For the edges in E3, we have 









































7n—1 15n—1 
f(u1) + f(un) + f(urun) = 5 +3n+n= ; =k, 
5n — 1 13n4+3 
f(vr) + f(un) + f(vrun) = SS +3n4+n+2= s = kp, 
dn +1 13n+ 3 
f (un) + f(vn—1) + f(uutn-1) = 8n + SS t+n+1= s Saal fa 
15n-—1 
Therefore, when we observe from the above cases, we have the constant k, = 5 and 
13 3 
kg = sas . Hence the graph G = C,, 6 Cy, (n > 3) admits superior edge bimagic total 
labeling. 











Theorem 2.4 There exists at least one graph G from the class Cy, € Cn, (n > 3) when n is 
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odd that admits super edge bimagic total labeling. 


Proof Let the graph G is obtained by introducing an edge between a vertex of C;, and 
a vertex of the same copy denoted by C;, é C,. Now, we define that the vertex set V(G) = 
{ui,uj;1 <i<n},1 <7 <n} and edge set E(G) = E, U Ey U E3 where EF, = {ujui4i;1 < 
i<n-1}, Ey = {vjvjzisl <7 < n—-1}, Es = {uitn, witin, vivn}. A bijective function 
f: V(G)U E(G) = {1,2,3,---,4n+ 1} is given bellow: 





For i = 1 ton—1, let f(ujuiz1) = 38n — 7; For 1 = 1 to n, when i = 1(mod 2), let 


2 +1 3 i+ 1 
f(ui) = ot. when i = O(mod 2), let f(ui) = mt For 7 = 1 to n—1, let 
p+ 1 
f(vjuj41) = 4n+1+ 9; For 7 = 1 to n, when j = 1(mod 2), let f(vj;) = i, when 
n+jt+1 


j = 0(mod 2), let f(v;) = 5° Let f(uitn) = 3n, f(urun = 38n +1), f(viun = 4n + 1). 


The above assigned labels are justified in the following cases. 
Case 1 For edges in £1, when i = 1(mod2), we obtain 


2n+i+1 38n+i+2 : 
f (ui) + f (user) + f(uiti41) = te ae 


lin+3 _ 
5 = 





ky 
and when i = 0(mod 2), we obtain 


B8n+i+t1 2n+71+2 
+ —— + 
































f (ui) + f(uisr) + f(uizi) = 5 5 3n— 4 
2 ae = 
Case 2 For edges in £2, when j = 1(mod 2), we obtain 
flvj) + Fvja1) + f(ojyjai) = PA RELY tant —j 
~ wis 5 aie 
When j = 0(mod 2), we obtain 
F(uj) + Fvj41) + Fojvj4i) = meses Ie" Santi—j 
ze a 5 =o 
Case 3 For the dges in E3, we have 
fur) + f(un) + f(urun) =n +14 mt Lie ae i, 
(mG Howat Se, 
f(ur) + fun) + f(uivn) =n +1 DEE ity i 4S ee = kp. 
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11 
Therefore, ky = ~ : and kg = a 


super edge bimagic total labeling. 








. Hence the graph G = C,,éC,, (n > 3) admits 














Theorem 2.5 There exists at least one graph G’ from the class G6C+, (n > 3) , (when n is odd) 
that admits super edge bimagic total labeling, where G is any graph from Kym + K1,(m > 2). 


Proof Let the graph G is obtained by merging of two graphs with a vertex of above degree 2 
in G and a pendant vertex of O,t. We define the graph G6C with vertex set V(G) = {ui, v3.1 < 
i < n}U{wi}Ufw); 1 < 7 < m} and edge set E(G) = E,UE2UE3 where FE, = {ujvj;1 <i < n}, 
Ey = {ujyuigijsl<i<n-1}, Bs = {urw); 1<j<m}uU {wiw); 1<j<m}U {urwi, vivn}. A 
bijective function f : V(G)U E(G) — {1,2,3,--- ,4n + 3m + 2} is given bellow: 


For i =1ton—1, let f(viviga) = 2n+14+m+i; For i =1 to n, when 7 = 1(mod 2), 











let f(vi) = oe +m. When i = 0(mod 2), let f(vj) = one +m. Fori=1 ton, 
let f(u;) = m+1+i%; For i = 1 to n, when i = 1(mod 2), let f(ujvj) = —— When 
i = O(mod 2), let f(uivi) = SS For i = 1 to n, let f(viun) = 8n + m+ 1 and for 
j =1tom, let f(w3) =143, f(uw)) = ae + 3m —j, f(wiw) = a +4m—j. Let 
f(wi) =1, f(uw1) = m : + 3m. 


In the following cases, it is justified that the above assignment results in the required 
labeling. 


Case 1 For any edge u,v; € Ey, when i = 1(mod 2), we obtain 


Ae =e 
fluid) + Flo) feu) -= hte ces OED gg OE Orr ia 
2 2 
6m+11n+9 
— — a n ‘vs 
When i = 0(mod 2), we obtain 
‘ —i+3 ; 
F(us)+ fui) + flu) = m+1+i+———~4+m+2ntm+1 +i 
6m+11n+9 
= cae mene 


Case 2 For any edge v;v;41 € E2, when i = 1(mod 2), we obtain 





38n+4-2 4n—i-3 ; 
Fu) + faa) + fiw) = “= 5 = +m +—=~S—+m+2n+m+1 +i 
6m+11n+9 
= ee 


2 
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When i = 0(mod 2), we obtain 


4n+4—-i4 3n —1-—3 : 
(vi) + (viagra) + f(vivi4s) = +m t+ Smt intm+ iti 
6m+11n+9 
on Sa 


Case 3 For the edges in E3, we have 





























(eer) + Flwh) + Fang) =m424145+ PH pam—po PTET Lp, 
(wr) + Fol) + Fwrwd) = 1414+ 5+ ES 4am — p= PET Kp, 

f(01) + fn) + frm) = ES + mtnt2tmtantmtis tt! Xp, 
flutr) + Fur) + furs) =m +2414 BEE 4 3m = SBE ET 


We observe that there are two common counts k; and kg such that for each edge wv € 
E(G), f(u) + f(v) + f(uv) is either k; or kg. From the above cases we have two constants 
6m+11n+9 8m+ 7n+7 


1 = — — and kp = 5 . Hence as per our construction G' admits super 
edge bimagic labeling. 


Illustration 3 The graph (K1,6+K1)6Cf is given in figure 3. It is super edge bimagic labelling 
is also indicated in the same figure. 








Figure 3 kj =72 kg =59 


Theorem 2.6 If G is an arbitrary graph that admits total edge magic labeling then there exists 
at least one graph from the class G6(P2 + mK) admits edge bimagic total labeling. 
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Proof Let G(p, q) be total edge magic graph with the bijective function f : V(G)UE(G) > 
{1,2,3,---,p+q} such that f(u) + f(v) + f(uv) = ki. Let w € V(G) must be vertex whose 
label f(w) = p+q is the maximum value. Consider the graph (P2 + mK ) with vertex set 
{uo,Vo,us : 1 < i < m} and edge set E(G) = {uoui, vou; : 1 < i < m}U {uovo}. We 
superimpose the vertex vg is degree more than two of the (P2 + mk) graph on the vertex 
w € V(G) of G. Now we define the new graph G’ = G 6 (Pp + mK1) :1<i<™m and edge 
set E(@) = EUE,U Eo U E3 where Fy = {ugu,: 1 <i < m}, Bo = {wu;: 1 <i < mb}, 
E3 = {ugw}. Consider the bijection g : V (G’)U E'(G’) = {1,2,3,--- ,p+q+3m-+2} defined 
by g(v) = f(v) for all v € V(G) and g(uv) = f(uv) for all wv € E(G). 

From our construction of new graph Ge: the labels are defined as follows: 


Fr 
g(wu;) =pt+q+3m+3-i, forl<i<m; 
( 








w) = g(vo) = g(w) =p tq, gu) =p+aqti, forl<i<m; 


g(uou;) =ptq+2m+2—i, forl<i<m; 

g(uo) =p+q+m+ land g(uow) =p+qt+2m +2. 

Since the graph G is total edge magic with constant k; and implies that g(u)+g(uv)+g(v) = 
ko for all uv € E'(G’). 

Next, we have to prove that the remaining edges w and up joining with {u;:1<i< m} 
have the constant ko. 

For the edges in £, U Ep U Es, 





g(uo) + g(uowi) + gus) +qtmt+1l+ptqt+2m+2-i+ptaqti 





ptqt+tm+1)=ke, 





g(w) + g(ui) + g(wus) tit+tptg+3m4+3-i 








pt+q+tm-+1) =k and 








+q+m+1+pt+qtpt+q+t2m-+2 





g(uo) + g(uow) + g(w) = 


| 
eos, ae ae 

2 

as 

t 








ptqtm+l1) =k. 


Therefore, the resultant graph G6(P2 + mK) has two common counts ky, and kp. Hence 





the graph admits edge bimagic total labeling. 











Conclusion In our present study, we have investigated super and superior edge bimagic 
labeling for some special graphs. Investigating super and superior edge bimagic total labeling 
for the graph from the class G|6G2 and G',€G2 for some arbitrary graph G; and G2 with this 
conditions. This is our future plan. 
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Abstract: In this paper we introduce the concept of pathos adjacency blict graph PBn(T) 
of a tree T and present the characterization of graphs whose pathos adjacency blict graphs 


are planar, outerplanar, minimally non-outerplanar and Eulerian. 


Key Words: Pathos, outerplanar, Smarandachely blict graph, crossing number cr(G), 


inner vertex number i(G), minimally non-outerplanar. 
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§1. Introduction 


All graphs considered in this paper are finite and simple. For standard terminology and notation 
in graph theory, not specifically defined in this paper, the reader is referred to Harary [3]. The 
operation of forming a graph valued function of a graph G is probably the most interesting 
operation by which one graph is obtained from another. The concept of pathos of a graph G 
was introduced by Harary [4], as a collection of minimum number of edge disjoint open paths 
whose union is G. The path number of a graph G is the number of paths in any pathos. The 
path number of a tree T is equal to k, where 2k is the number of odd degree vertices of T. Also, 
the end vertices of every path of any pathos of a tree T are of odd degree [2]. The line graph 
of a graph G, written L(G), is the graph whose vertices are the edges of G, with two vertices 
of L(G) adjacent whenever the corresponding edges of G are adjacent. 

A pathos vertex is a vertex corresponding to a path P in any pathos and a block vertex is 
a vertex corresponding to a block(or an edge) of a tree T. The edge degree of an edge pq of a 
tree T is the sum of the degrees of p and gq. 

The lict graph (Here “lict” indicates “line cut vertex”) of a graph G [6], written n(G), is 
the graph whose vertices are the edges and cut vertices of G, with two vertices of n(G) adjacent 
whenever the corresponding edges of G are adjacent or the corresponding members of G are 
incident, where the edges and cut vertices of G are called its members. Let C’ be a block set of 
G. A Smarandachely blict graph BC(G) is the graph whose vertices are the edges, cut vertices 
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and blocks in C,, with two vertices of Bn(G) adjacent whenever the corresponding members of 
G are adjacent or incident, where the edges, cut vertices and blocks in C’ are called its members. 
Particularly, if C is all blocks of G, such a B°(G) is called a blict graph (Here “blict” indicates 
“block line cut vertex”) of a graph G [1], written by Bn(G). 


The pathos line graph of a tree T [1], written PL(T), is the graph whose vertices are the 
edges and paths of pathos of T, with two vertices of PL(T) adjacent whenever the corresponding 
edges of T are adjacent and the edges that lie on the corresponding path P; of pathos of T. The 
pathos lict graph of a tree T [1], written Pn(T), is the graph whose vertices are the edges, 
cut vertices and paths of pathos of T, with two vertices of Pn(T’) adjacent whenever the 
corresponding edges of T are adjacent, edges that lie on the corresponding path P; of pathos 
and the edges incident to the cut vertex of T. 


A graph G is planar if it has a drawing without crossings. For a planar graph G, the inner 
vertex number i(G) is the minimum number of vertices not belonging to the boundary of the 
exterior region in any embedding of G in the plane. If a planar graph G is embeddable in the 
plane so that all the vertices are on the boundary of the exterior region, then G is said to be an 
outerplanar, i.e. i(G) = 0. An outerplanar graph G is maximal outerplanar if no edge can be 
added without losing its outer planarity. A graph G is said to be minimally non-outerplanar if 
i(G)=1 [5]. The least number of edge-crossings of a graph G, among all planar embeddings of 
G, is called the crossing number of G and is denoted by cr(G). 








Figure 1 Tree T 


By 








Py 


Figure 2 Pathos adjacency blict graph PBn(T) of T 
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Definition 1.1 The pathos adjacency blict graph of a tree T, written PBn(T), is the graph 
whose vertices are the edges, paths of pathos, cut vertices and blocks of T, with two vertices 
of PBn(T) adjacent whenever the corresponding edges of T are adjacent, edges that lie on the 
corresponding path P, of pathos, edges incident to cut vertex and edges that lie on the blocks of 
T. Two distinct pathos vertices Pm and P, are adjacent in PBn(T) whenever the corresponding 
paths of pathos Py,(vi,v;) and Pp(vg, 1) have a common vertex, say ve in T. 


Since the pattern of pathos for a tree is not unique, the corresponding pathos adjacency 
blict graph is also not unique. Figure 1 shows a tree T and Figure 2 is its corresponding 
PBn(T). 


The following existing results are required to prove further results. 


Theorem A([1]) The pathos line graph PL(T) of a tree T is planar if and only if A(T) < 4. 


Theorem B({1]) Let T be a tree on p vertices and q = p—1 edges such that d; and C; are the 


degrees of vertices and cut vertices C of T, respectively. Then the pathos lict graph Pn(T) has 
Cc 


. 1 
(q+k+C) vertices and 5 2, d; + d, C; edges, where k is the path number of T. 
i= j= 
Theorem C([1]) The blict graph Bn(G) of a graph G is planar if and only if A(T) < 3 and 


every vertex of degree three is a cut vertex. 


Theorem D([3]) Jf G is a graph on p vertices and q edges, then L(G) has q vertices and 
12 
—qt 3 ys d? edges, where d; is the degree of vertices of G. 
i=1 
Theorem E((6]) The lict graph n(G) of a graph G is planar if and only if G is planar and the 


degree of each vertex is at most three. 


§2. Preliminary Results 


Remark 2.1 For any tree T with p > 3 vertices, L(T) C PL(T) C PBn(T), L(T) C Bn(TL) C 
PBn(T) and L(T) C Pn(T) C PBn(T). Here C is the subgraph notation. 


Remark 2.2 If the edge degree of an edge pq in a tree T is even(odd) and p and q are the cut 
vertices, then the degree of the corresponding vertex pg in PBn(T) is even(odd). 


Remark 2.3 If the degree of an end edge(or pendant edge) in a tree T is even(odd), then the 
degree of the corresponding vertex in PBn(T) is odd(even). 


Remark 2.4 For any tree T (except star graph), the number of edges in PBn(T) whose end 
vertices are the pathos vertices is given by (& — 1), where k is the path number of T. 


Remark 2.5 If T is a star graph Kj, on n > 3 vertices, then the number of edges in PBn(T) 
k(k —1) 


5 , where k is the path number of 


whose end vertices are the pathos vertices is given by 
T. For example, edge P; Pz in Figure 2. 


64 Nagesh.H.M and R.Chandrasekhar 


Remark 2.6 Since every block vertex of PBn(T) is an end vertex (For example, the block 
vertices B,,Bz and B3 in Figure 2), PBn(T) does not contain a spanning cycle. Hence it is 


always non-Hamiltonian. 


§3. Lemmas 


Here we present two simple lemmas on the graph PBn(T). 


Lemma 3.1 Let T be a tree (except star graph) on p vertices and q edges such that d; and 
C; are the degrees of vertices and cut vertices C of T, respectively. Then PBn(T) contains 


(2g +k+C) vertices and 
Cc 


fe 
st Ci+qt+(k-1) 


i=1 j=l 





edges, where k is the path number of T. 


Proof Let T be a tree (except star graph) on p vertices and q edges. By definition, the 
number of vertices in PBn(T) equals the sum of number of edges, paths of pathos, cut vertices 
and the blocks of T. Since every edge of T is a block, PBn(T) contains (2g + & + C) vertices. 


1 P Cc 
By Theorem B, the number of edges in Pn(T) is 5 S- d? + S- C;. The number of edges 

i=1 j=l 
in PBn(T) equals the sum of edges of Pn(T), edges that lie on the corresponding path P; of 
pathos of T and the number of edges whose end vertices are the pathos vertices. By Remark 


2.4, the number of edges in PBn(T) is given by 

















v 


Cc 
dj + 5° Cj +94 (k-1). 
j=l 


NlR 
Ms 
an 


Lemma 3.2 Let T be a star graph Ky on n> 3 vertices and m edges such that d; and Cj are 
the degrees of vertices and cut verter C of T, respectively. Then PBn(T) contains (2m+k+1) 


tes k(k —1) 
vertices and 5 Ss d; +2m+ mae 


i=l 


edges, where k is the path number of T. 


Proof Let T be a star graph Ky, on n > 3 vertices and m edges. Since T' has exactly one 
cut vertex C', PBn(T) contains (2m +k +1) vertices. For a star graph T, the number of edges 
in PBn(T) equals the sum of number of edges of L(T), thrice the number of edges of T and 
the number of edges whose end vertices are the pathos vertices. 

By Theorem D and Remark 2.5, we know that 

k(k —1) 


eg kK(k-1) 144 
—m+5 Gi +3m+—— = 5) di + m+ ——. 
t=1 t=1 











Whence, we get the conclusion. 
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§4. Main Results 


Theorem 4.1 The pathos adjacency blict graph PBn(T) of a tree T is planar if and only if 
A(T) <8, for every verter v € T. 


Proof Suppose PBn(T) is planar. Assume that A(T) > 3. If there exists a vertex p of 
degree 4 in T, by Theorem[A], PL(T) is planar and contains K4 as an induced subgraph. In 
Pn(T), the vertex p is adjacent to every vertex of K4.This gives Ks as subgraph in PBn(T). 
Clearly, PBn(T) is nonplanar, a contradiction. 


For sufficiency, we consider the following two cases. 


Case 1 If T isa path P, on n > 3 vertices, then each block of n(T) is K3 and it has exactly 
(n — 2) blocks. The path number of T is exactly one and the corresponding pathos vertex is 
adjacent to at most two vertices of each block of n(T). The pathos vertex together with each 
block of of n(T’) gives (n — 2) number of (AK'4—e) subgraphs in Pn(T). Furthermore, every edge 
of T is a block. Hence the adjacency of block vertices and the vertices of L(T) gives (n — 2) 
number of (K4—e) subgraphs in PBn(T). Clearly, the crossing number of PBn(T) is zero, 1.e. 
cr(PBn(T))=0. Hence PBn(T) is planar. 


Case 2 Suppose that T is not a path such that A(T) < 3. By Theorem E, n(T) is planar. 
Moreover, each block of n(T) is either K3 or K4. The path number of T is at least one and 
the corresponding pathos vertices are adjacent to at most two vertices of each block of n(T)). 
Hence Pn(T) contains at least one copy of K3 and Ky as its subgraphs. Finally, on embedding 
PBn(T) in any plane for the adjacency of pathos vertices corresponding to paths of pathos 
in T, the crossing number of PBn(T) becomes zero, #.e., cr(PBn(T))=0. Hence PBn(T) is 
planar. This completes the proof. 














Theorem 4.2 The pathos adjacency blict graph PBn(T) of a tree T is an outerplanar if and 


only if T is a path on P, on n > 3 vertices. 


Proof Suppose PBn(T) is an outerplanar. Assume that T has a vertex p of degree 
three. The edges incident to p and the cut vertex p gives K4 as subgraph in Pn(T). By Remark 
2.1, the inner vertex number of PBn(T) is non-zero, i.e. i(PBn(T)) 4 0, a contradiction. 

Conversely, suppose that T’ is a path P, on n > 38 vertices. By Case 1 of Theorem 4.1, 
PBn(T) contains (n — 2) number of (K4 — e) as its subgraphs. Clearly, i.e. 1(PBn(T))=0. 
Hence PBn(T) is an outerplanar. This completes the proof. 














Theorem 4.3 For any tree T, PBn(T) is not maximal outerplanar. 


Proof By Theorem 4.2, PBn(T) is an outerplanar if and only if T is a path P, on 
n > 3 vertices. Suppose that T is a path P, on n > 3 vertices with the edge set E(T) = 
{e1, €2,..-,€n—-1}. By Case 1 of Theorem 4.1, Pn(T) contains (n — 2) number of (K4 — e) as 
its subgraphs. Moreover, each edge of Tis a block. Hence by definition, block vertices and the 
vertices of L(T’) are adjacent in PBn(T), which in turn forms (n — 1) number of end edges in 
PBn(T). Finally, since the addition of an edge between the block vertices increases the inner 
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vertex number of PBn(T) by at least one, PBn(T) is not maximal outerplanar. This completes 














the proof. 
Theorem 4.4 For any treeT, PBn(T) is not minimally non-outerplanar. 


Proof Proof by contradiction. Suppose that PBn(T) of a tree T is minimally non- 
outerplanar. We consider the following cases. 
Case 1 Suppose that A(T) < 2. By Theorem 4.2, PBn(T) is an outerplanar, a contradiction. 
Case 2 Suppose that A(T) > 3. 


We consider the following subcases of Case 2. 
Subcase 2.1 Suppose that A(T) > 3. By Theorem 4.1, PBn(T) is nonplanar, a contradiction. 
Subcase 2.2 Suppose that A(T) = 3. Let p be a vertex of degree 3 in T. By Case 2 of Theorem 
4.1, cr(PBn(T))=0, but it is easy to observe that (For example, the graph PBn(T) in Figure 
2) on embedding PBn(T) in any plane for the adjacency of pathos vertices corresponding to 
paths of pathos in T, the inner vertex number of PBn(T) is at least two, i.e. i(PBn(T)) > 2. 
Hence PBn(T) is not minimally non-outerplanar. This completes the proof. 














Theorem 4.5 For any tree T with p > 3 vertices, PBn(T) is non-Eulerian. 


Proof Suppose that T is a tree with p > 3 vertices. Then there exists at least one cut 
vertex C' of T’ which is incident to at least one end edge gq or at least one block B. We consider 
the following two cases. 

Case 1 If the degree of cut vertex C is odd, then the edge degree of g in T is even. By Remark 
2.3, PBn(T) contains odd degree vertex. Hence PBn(T) is non-Eulerian. 

Case 2 If the degree of cutvertex C is even, then the edge degree of g in T is odd. By Remark 
2.3, PBn(T) contains even degree vertex. But, since every edge of T is a block, degree of the 
corresponding block vertex in PBn(T) is exactly one. Hence PBn(T) is non-Eulerian. This 











completes the proof. 
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Abstract: By geometric element transformation method (GETMe) always we get a new 
element. It is based on geometric transformations, which, if applied iteratively, lead to 
the regularization of a pyramid (under conditions). Energy function is a cost function for 
pentahedra which is applicable also for hexahedra, octahedra, decahera etc. is defined by a 
particular process, which we call as base diagonal apex method (BDAMe). Here, we try to 
investigate the characterization of different cost functions using BDAMe when we transform 
a pyramid by GETMe. 


Key Words: Mesh quality, iterative element regularization, finite element mesh, objective 


function, cost function. 
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§1. Introduction 


In many finite element applications unstructured tessellations of the geometry under considera- 
tion play a fundamental role. Therefore, the generation of quality meshes are essential steps of 
the simulation process, since mesh quality has an impact on solution accuracy and the efficiency 
of the computational methods involved [1,2]. 

In [4] the geometric element transformation method (GETMe) has been introduced as 
new type of geometry-based mesh smoothing for triangular surface meshes. Based on a simple 
geometric element transformation, which iteratively transforms low quality elements to regular, 
hence perfect elements, mesh improvement is accomplished by sequentially improving the worst 
element of the mesh. In [5] this approach has been generalized to a simultaneous approach for 
triangular or quadrilateral mixed surface meshes in which all mesh elements are transformed 
simultaneously and node updates are obtained by transformed node averaging. As has been 
shown in [6,7] such regularizing transformations exist for polygons with an arbitrary number 
of nodes. Furthermore, the sequential as well as the simultaneous GETMe approach naturally 
extend to tetrahedral meshes [8]. 

In finite element simulation the mesh quality is a crucial aspect for good numerical be- 
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haviour of the method. In a first stage, some automatic 3-D mesh generators construct meshes 
with poor quality and in special cases, for example when node movement is required, inverted 
elements may appear. So, it is necessary to develop a procedure that optimises the pre-existing 
mesh. This process must be able to smooth and untangle the mesh. 


The most usual technique to improve the quality of a valid mesh, that is, one that does 
not have inverted elements, are based upon local smoothing. In short, these technique consists 
of finding the new positions that the mesh nodes must hold, in such a way that they optimize 
an objective function. Usually, objective functions are appropriate to improve the quality of 
a valid mesh, but they do not work properly when there are inverted elements. To avoid this 
problem we can proceed as Freitag et al in [9,10,11]. 


In this paper, we have defined the characterization of energy function of a pyramid using 
base diagonal apex method (BDAMe). Then we have proved that the energy function always lies 
between 0 and 1 and discussed regularization properties of a pyramid and tried to regularize 
by using geometric element transformation method (GETMe). Finally we have studied the 
characterization of energy function of a particular type of pentahedron using GETMe and 
BDAMe. 


§2. Characterization of Energy Function of a Pyramid 


For 3-simplex the cost function which referred to as energy function, which is also discussed in 
[3]. But we can not estimate energy function for all 3-D shapes. In this paper, we shall try to 
estimate the energy function of a pentahedron by a particular method, which we have defined 
as base diagonal apex method (BDAMe). 


2.1 Base Diagonal Apex Method (BDAMe) 


In this method, we add the two diagonal of the base of the pyramid and then add between the 
intersection point of the diagonal and the apex of the pyramid. This line (from apex to the 
intersection point of the diagonals) may be the height of the pyramid or may not be the height 
of the pyramid, totally depend upon the type of pyramid we choose. If we follow this method, 
we get four 3-simplex, that is, four tetrahedra. Now each tetrahedron has a cost function or 
energy function. Therefore, we get four cost functions and then we can easily define the cost 
function of a pyramid, and to define cost function of 3-D shapes except 3-simplex, we introduce 
the function h(v;,0”), the signed distance from c(a”) to aff(c?~') with the convention that 
h(v;,0") > 0 when c(o”) and v; are on the same side of aff(o7’~'). Here o” are the n-simplex, 


n-1 


c(o”) the circumcenter of the n-simplex, facet aff(a; 


) and vertex vj. We work on basically 


all 3-D figures, so in that case n = 3. The magnitude of h(v;,0") can be computed as the 
distance between c(o”) and c(a}~"), and its sign can be computed by testing whether c(o”) 
and v; have the same orientation with respect to atte? *), Now by BDAMe, the pentahedron 
is the sum of the maximum number of four 3-simplexes. Here we divide the quantity h(u;,0”) 
by the circumradius R(o”) to get a quantity called cost function or energy function. Note that 


-1< h(vj,0")/R(o") < 1 for finite 0”, because R(a”)? = h(v;,0”)? + R(a?*)?. 
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We consider the energy function 


h(v,o7) 
R(o?) 


| (1) 


.F 1 
fp(a”) = Tusa 1Makyeor| 


Now we prove the following theorem. 


h(v, oF) 
Ro?) 


N is maximum total number of tetrahedron, of a 3D-figure (pentahedron, hexahedron, decahe- 


Theorem 2.1 The energy function (using BDAMe) f,(o") = 7ULymMaxyeor| 


=F |, where 


dron, octahedron,---, etc) always lies between 0 and 1 that is, 0 < fp,(o”) <1. 


Proof First we break (using BDAMe) the 3D-figure with maximum number of tetrahedra 
(pairwise disjoint) which can cover the hole 3D-figure. If it is not possible, then we have to break 
it in maximum number of pentahedra (pairwise disjoint) which can cover the hole 3D-figure 
and then use BDAMe in pentahedron. Therefore, we can get the cost function (using BDAMe) 
of any regular 3D-figure. Therefore, overall the total number of tetrahedra gives the value of 
N. Note that —1 < h(v;,0”")/R(o”) < 1 for finite o”, because R(o”)? = h(vj,0")? + R(o? 1)? 
and when we consider energy function, we take the maximum ratio (h/R) with positive value 
of each tetrahedron. Therefore, the value f,(o”) is always greater than zero and we divide 
h(v, 07) 

R(o}) 
Therefore we can write, 0 < fp(a”) <1. 


TN Maryeon| | by N (total number of tetrahedra), hence it is always less than one. 














For instance, if we consider a hexahedron, which is six pentahedra. After using BDAMe 
we get 24 tetrahedra. Therefore the energy function 


hv o5)) 
Rot)” 


- 1 
fu(o") = Fy Eni aver | 


where H for hexahedron. 


§3. Methods of Transformation 


Here we use several methods of transformation to regularize the 3-D figure, like pentahedra. 
By this, regularizing means that if the transformation is applied iteratively to a single element, 
it becomes regular. Consequently, this section focuses on the properties of the transformations 
applied to a single pentahedron. 


3.1 Transformation of a pentahedron using GETMe 


Let P := (pi, p2,p3,p4, ps)’ denote a pentahedron with five pairwise disjoint nodes p; € R°, 
i € {1,--- ,5}, which are positively oriented. Let 


n1 := (ps5 — p2) X (p3 — pa), 
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Nz := (ps — p3) X (pa — pa), 


% 


) 
ng = (pa — ps) X (pi 
ps) 


n4 = (pi x (p2 — ps), 


) 

Ps) 

) 
M5 := (pa — ps) X (p2 — pa) 
denote the inside oriented face normal of P. A new pentahedron P’ with nodes pj is derived 
from P by constructing on each node p; the opposing face normal n; scaled by a/,/|n;|, where 
o € RA. That is 





n 

Pi Pi View" 

P2 P2 V |n2 es 

POs). (ope | | igs | eee ale (2) 
a/ |\nNa M4 
View 








Ps pa 
Ds D5 














It is clear that if co = 0 then P’ and P are same. 


3.2 Apex transformation of a pentahedron using GETMe 


Apex transformation means, we transform the apex (top vertex) of the pentahedron (pyramid) 
using geometric element transformation method (GETMe) as discussed in the article (3.1). 
So, we transform ps5 (apex) to pf; using only the inside oriented face normal ns, n5 := (pa — 
p3) X (p2 — p3) of P. In that case, a new pentahedron P’ with nodes p} is derived from P by 
constructing the node ps the opposing face normal ns scaled by a/ /|ns| , where o € Re . That 


is 


Pi Pl . 
Po p2 f 

P=! ps |:=| ps [+o e (3) 
P4 Pa 0 


D: D5 : 
J/|ns| 


It is also clear that if o = 0 then P’ and P are same. 





5 


3.3. New pentahedron derived from centroid transformation of a pentahedron 
using GETMe 


Let P denote a pentahedron with nodes pz and o € R* an arbitrary scaling factor. The nodes 
p, of the transformed pentahedron P’ are given by 


Dy = Ch + nk, k € {1,..., 5}. (4) 


Oo 
J/|nx| 


That is p), is obtained by adding the centroid cx of the kth pentahedron face with the associated 
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normal n, scaled by a/,/|nx|. 


3.4 Apex transformation (one step) of the pentahedron using centroid transforma- 
tion 


In this case, we only transform the apex (top vertex) of the pentahedron using method (4). So, 
we only transform ps to pi and the transformed pentahedron is given by 


Pi C1 0 
Po C2 0 

P= Ds =| c, | +o 0 (5) 
D4 C4 0 


1 


ft n 
Ps C5 /\ns| 5 


Here cz is the centroid of kth pentahedron face where the associated normal nz scaled by 
a/y/|nx|, k € {1,...,5} and ns := (pa — ps) x (p2 — ps) of P. 





§4. Procedure of Transformations of a Pentahedron 


Now it is very important to note the procedure of transformations of a pentahedron. When we 
consider the 3-D figure like pentahedron, the three points of each four faces must be coplanar. 
In this paper the construction of pentahedron is in such a way that the four vertices of the 
pentahedron lie on a plane which means they are coplanar and this plane forms the base of the 
pentahedron. That means in Fig 1, Fig 2, Fig 3 and Fig 4, one must verify that the points pj, 
2, ps, pa are coplanar or not. From [15], we can check whether those points are coplanar or 
not. 

Next we discuss about the procedure of first method given by (2). In [8] when the authors 
transformed a tetrahedron, they took the face normals nj, nz, n3, n4 opposite to the points 
Pi, P2, p3, pa respectively but our case is not exactly the same as in [8]. So, in this case, if 
we consider Fig 1, let p; be any vertices of the pentahedron. Here we find that there are two 
opposite faces namely face{po, p3, ps} and face{p3, pa, ps}. In this method we consider the face 
which is first when we start from p; in the anti-clockwise sense. In Fig 1, face{po, p3, ps} is the 
opposite face of the point p;. But when we transform ps (apex of the pyramid), for this case, 
the opposite face always forms the base of the pyramid. In Fig.1, the base is face{p1, po, p3, pa} 
of the pyramid P := (pi, p2, p3, pa, ps)’ which is the opposite face of the ps. We follow the same 
procedure in method (3). Now it is important to note that when we use method (3) then it 
will be necessary to check that after the transformation, the base points of the pentahedron are 
coplanar or not. 

Now for method (4), the procedure is not the same as in [12]. For this case, we consider the 
face which is first when we start from p; in the anti clockwise sense and take the centroid of the 
face. In Fig.3 let p; be any vertices of the pentahedron, here we see that there are two opposite 
faces namely face{p2,p3, ps5} and face{p3, pa, ps}, but in this case we take face{pe2, ps, ps5} and 
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then consider the centroid of the face{p2,p3, ps5}. But when we transform ps, for this case the 
opposite face is always base of the pyramid. particularly, for Fig.3 c. = {po + p3 + ps}/3, 
co = {p3 + pat ps}/3, cs = {pat pi + ps}/3, ca = {p2 + pi t+ ps}/3, cs = {pi + po +pstpa}/4. 
So, in this way we get new element (pyramid) using method (4). But here, in that case, the new 
elements are not linearly formed that means, when new elements form after transformation, the 
base of this new element is opposite the original element. It happens according to the iteration. 
For this procedure it will be necessary to check that after the transformation, the base points 
of the pentahedron are coplanar or not. 


ps 














p4 p3 | 
1 
—___ a 


Fig.1 Transformation of a pentahedron using method (2) 








—__ - 
p4 a 7; 
a. pl p2 
a 


Fig.2 Transformation of a pentahedron using method (3) 
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Fig.3 Transformation of a pentahedron using method (4) 








Fig.4 Transformation of a pentahedron using method (5) 


§5. Properties of the Transformations 


In this section, we discuss the basic properties of the above three transformations. 


5.1 The transformations are scale invariant 


The transformations given by (2), (3), (4) and (5) are scale invariant that means for s > 0, 
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(sP)! = sP’. Since the normals n; are scaled by 1/,/|n;|, therefore the transformations are scale 


invariant. To check this property we shall consider some examples where we choose o = 0.1. 


Example 1 In this example, we use the transformation (2) and then investigate the property 
of (sP)! = sP’. Let P := (p1,p2,p3,p4, ps)’ denote a pentahedron with p; = (0.8,0, 0.6), 
p2 = (0,—0.8,0.6), ps = (—0.8,0,0.6), pa = (0,0.8,0.6) and ps = (0,0,1). Let s = 0.5 and 
applying the transformation (1) both on (sP)’ and sP’ after that we get the following table. 





Hence for this pentahedron the transformation is scale invariant. Now, if we use the 
method of apex transformation (3) on a pentahedron then one can verify from the above table 
that the transformation is scale invariant. Next we give an example using the method of centroid 


transformation of a pentahedron. 


Example 2 In this example, we use the transformation (4) and then try to investigate the 
property of (sP)’ = sP’. We use the same pentahedron which is used in example (1) with 
s = 0.5 and then applying the transformation (4) both on (sP)/ and sP’ and after calculations 
we get the following table. 





One can also show that the transformation (5) is scale invariant. 


5.2 Transformations (2), (3), (4) and (5) do not preserve the centroid of 
the pentahedron 


It should be noted, that the transformations given by (2), (3), (4) and (5) do not preserve 
the centroid of the pentahedron, that is 18 pi # =D°_, pi, where pi, p2, p3, pa, Ps are the 
vertex coordinates of original pentahedron and p{, p}, p, p4, ps are the vertex coordinates of 
the transformed pentahedron. As the scale normals n,;/ J/|nil have been used to ensure the 
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scale invariance of the transformation, so the transformations (2) and (3) does not preserve the 


centroid of the pentahedron. We verify it by an example. 


Example 3 Let P := (pi, p2, 13, pa, ps)’ denote a pentahedron with p; = (1,0,0), p2 = (1, 1,0), 


p3 = (0,1,0), ps = (0,0,0) and ps (0,0,2). Then using the transformation (3) we get 


p, = (1,0,0), ps = (1,1,0), ps = (0,1,0), p = (0,0,0) and ps = (0,0, 2.10). 


Centroid of the pentahedron 


Before transformation (X?_,p;) | After transformation ($5?_,p}) 


0.4,0.4,0.4 0.4,0.4,0.42) 





Hence from the above we can say that the transformations (3) does not preserve the 
centroid of the pentahedron. Now, if we use transformation (2), then we can show that it also 
does not preserve the centroid of the pentahedron, provided after transformation the base of 
the pentahedron must also be coplanar. 


Example 4 In this example, we have shown that after using transformation (4) on a penta- 
hedron, it does not satisfy the preserving property of centroid of the pentahedron. Although 
n [12], the transformation given by (4) preserve the centroid of the initial hexahedron. In this 
case, we use the same pentahedron as used in the above example 1. Then using the trans- 
formation (4) we get pi, = (0.33,0.53,0.60), ps = (0.14, 0.33, 0.67), p = (0.33, —0.14, 0.67), 
p4 = (0.80, 0.33, 0.73) and ps5 = (0.50, 0.50, 0.10). 


Centroid of the pentahedron 


Before transformation (X?_,p;) | After transformation ($5)_,p}) 
(0.4,0.4,0.4 (0.42,0.31,0.55) 





Hence from the above we can say that the transformations (4) does not preserve the centroid 
of the pentahedron. One can also easily see that the transformation (5) also does not preserve 


the centroid of the pentahedron. 


5.3 Characterization of mean ratio quality of a pentahedron 


To define mean ratio quality for pentahedron, first we use BDAMe to get four tetrahedra and 
then choose any tetrahedron. Let T := (p1,p2,p3,pa) denote a tetrahedron with the four 
pairwise disjoint nodes p; € R’, i € {1,--- ,4}, which is positively oriented. That is det(A) > 0 
with A := (po — pi,p3 — pi, pa — pi) representing the (3 x 3) Jacobian matrix of the difference 





vectors, which span the tetrahedron. In [8,11,12,13] authors have discussed how to get mean 
ratio quality of a tetrahedron and using this procedure we define the mean ratio quality for 
pentahedron, as 


4 
1 <n 3det(S;,)?/° 
q P):=- ) ) 
ae — = Slr 
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with ||.$|| := Vtrace(S*S) denoting the Frobenius norm of the matrix S$; := 4,W~? where 


iy Mise iyo 
W=]|0 vV3/2 v3/6 
0 0 v2/V3 


denotes the difference matrix of a regular reference tetrahedron. Now in the case of pentahedron, 
the criterion of g(P) is not same as in [8,12]. In that case, if P is regular then g(P) € [0,1], 
where very small values indicate nearly degenerated elements and large values element good 
quality. Now, if the transformation is applied iteratively, the resulting pentahedron became 
more and more regular. In order to assess the regularity of a pentahedron P numerically, the 
mean ratio quality criterion will be used. Now, next we give an example of a pentahedron which 
is regular square pyramid but q(P) # 1. 


Example 5 Let P := (pi, p2,p3, pa, ps)’ denote a pentahedron with p; = (0,0,0), p2 = (1,0,0), 
p3 = (1,1,0), pa = (0,1,0) and ps = (0.5, 0.5, 1). Here, g(p) = 0.797. 


5.4 Significance of the scaling factor o 


The resulting iteration numbers are totally depended upon the scaling factor 0. This can be 
used in order to control the regularization speed by a quality depended choice of the scaling 
factor. For a given pentahedron, there is most important thing to choice the scaling factor 
when we try to regularize it. For this, if the transformation is applied iteratively, the resulting 
pentahedron more and more regular. Now, depending upon the choice of the scaling factor o, 
the size of the pentahedron might also change significantly. 

Also the important fact is that there is no specific choice of a, for which the transformation 
given exactly once to any arbitrary pentahedron results a regular one. To show this, we give 


an example. 


Example 6 Let us choose the pentahedron with the same coordinate as given in article (5.2) 
Example 1. According to (2), the nodes of the transformed pentahedron P’ are given by 
p, = (1+0(0),0+0(-1.3),0+0(—0.7)), ps = (14+ 0(1.4),1+0(0),0+0(0)), ps = (0+0(0),14+ 
o(—1.4),0+0(0)), p, = (0+ 0(1.3),0+0(0),0+0(0.7)) and pf = (0+0(0),0+0(0),0+0(-1)) 
using an arbitrary scaling factor o € R7. In order to be regular, all edge lengths of the base 





of the transformed pentahedron have to be equal if the base is square and in that case our 
example is square base pyramid but not regular. Since the equation |p5 — p5| = |p — p4| has 
only valid solution o = 25.45 and on the other way |p‘, — p3| = |p —p5| has only valid solution if 
o = 0.91. Therefore there is a contradiction that there is no 0 € Re for which the pentahedron 
P' obtained by one step of the transformation is regular. 


5.5 Uniqueness of the circumsphere and volume of the pentahedron 


Now for any 3-simplex, we can always draw a sphere through the four vertices of the 3-simplex, 
but for pentahedron and other 3D-figures we always do not get a sphere through the all vertices 
of the 3D-figure except tetrahedron. But if we choose a pentahedron so that its all vertices 
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satisfy some particular sphere equation and then we use the transformation (2), (3), (4) and 
(5) we can show that after transformation the transformed pentahedron may not satisfy some 
particular sphere equation. Let us give an example using transformation (2) and (3) and one 


can also verify show using transformation (4) and (5). 


Example 7 Let P := (pi, p2,p3,p4, ps5)’ denote a pentahedron with p; = (—0.8,0,0.6), po = 
(0, —0.8,0.6), ps = (—0.8,0,0.6), pa = (0,0.8,0.6) and ps = (0,0,1). Here all vertices of 
the pentahedron P satisfy the sphere equation x? + y? + z? = 1. After transformation using 
formula (2) the transformed pentahedron does not satisfy any sphere equation. If we use apex 
transformation then after transformation always we get a pentahedron and this pentahedron 
does not satisfy any particular sphere equation. For the given example after one step (using 
method (3)) we get, p, = (—0.8, 0, 0.6), p, = (0, —0.8, 0.6), p5 = (—0.8, 0, 0.6), p, = (0, 0.8, 0.6) 
and pi, = (0,0, 2.13) and p{’s do not satisfy any sphere equation. 

On the other hand the volume of the pentahedron will also be changed and does not depend 
on whether the pentahedron is regular or not. The volume of the transformed pentahedron will 
decrease or increase that depends upon the choice of the pentahedron. 


Example 8 Let P := (pi, p2, 13, pa, ps)’ denote a pentahedron with p; = (4,3,0), po = (4,7, 0), 
p3 = (0,7,0), pa = (0,3,0) and ps = (3,6,10). Now the volume of the pentahedron is 73.34 
cube unit and using the formula (3) to the pentahedron P we get the volume of the transformed 
pentahedron 76.26 cube unit. 


§6. Regularization of a Pyramid (Pentahedron) 


Here we shall consider a process to regularize a pentahedron. In the case of pentahedron 
regular means that the base of the pentahedron is regular (square, rectangle, ---, etc.) and the 
upper all edge lengths are equal. So, when we consider an arbitrary pentahedron it is quite 
difficult to regularize the pentahedron, but if we take the base of the pentahedron is regular 
and upper portion of the pentahedron is irregular then we can regularize the pentahedron using 
apex transformations (3) and (5). One can also use transformations (2) and (4) provided after 
transformations the base points are coplanar. Here we furnish an example where transformation 
(3) and transformation (5) are used to regularize the pentahedron whose base is regular. 


Example 9 Let P := (pi, p2, p3, pa, Ps)’ denote a pentahedron with p; = (4,3, 4), p2 = (4,7, 4), 
p3 = (0,7,4), pa = (0,3,4) and ps = (3,8,10). This is square based pyramid but not regular 








because the base edges length pip2 = pop3 = p3p4 = pap, = 4 and for the upper portion length 
of the edges are pips = 7.87, pops = 6.16, psp5 = 6.78, paps = 8.37 which all are not equal. 
Now, if we use the transformation (3) on the given pentahedron, then in first step, length of the 
edges (upper portion) are pips = 8.18, pops = 6.44, psps = 7.14, pap, = 8.66 and in third step, 
length of the edges are pips = 8.50, pop! = 6.95, pspf = 7.50, pap! = 8.96. Here we observe 
that the pyramid tends to regularize but slow. The speed of the regularization depends upon 
the choice of the scaling factor o. In this case we take the scaling factor o = 0.1. 


Next we use the apex transformation (5) to the given pentahedron and we get ps = 
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(2,5,4.40). After calculations we see that length of the edges (upper portion) are pip, = 








p2ps = paps = paps = 2.86. Hence the given pyramid converge to regularize and it turns to a 


regular square pyramid. 


§7. Characterization of Energy Function of a Particular Type of Pentahedron 
Using GETMe and BDAMe 


The changing cost function, after transforming the pentahedron by GETMe, is given by 


f (op) = lfp,(o”) ~ Tia ls 


Now using BDAMe we find the numerical values of changing cost function. We can calculate 
the changing cost function of the pyramid provided after transformation the base points are 
coplanar. Let us consider p1(4,3,0), p2(4,7,0), p3(0,7,0), and p4(0,3,0) are the base points 
and ps5(2,5,10) be the apex of the pyramid and p(2,5,0) be the intersection point of the base 
diagonals. In this case, it is regular square base pyramid. 


After calculation, we get 


Apex Transformations 
fo(o) | 0.944 0.934 | 0.939 


Now, this example is similar to the example of section (6) and it can be regularized by 





using the method (3). Here we see that the values of the changing cost function f(a,) are 0.01, 
0.005 and 0.002. Therefore for this example we see that when it converges to regularize the 
changing cost function also decreases. One can also calculate the changing cost function for 
any arbitrary pyramid (using the method (2) and (4)) provided after transformations the base 


points are coplanar. 


References 


1] J.R.Shewchuk, what is a good linear element? Interpolation, conditioning, and quality 

measures, in: Proceeding of the 11th International Meshing Roundtable, 2002, 115-126. 

2] P.M.Knupp, Remarks on mesh quality, in: Proceeding of the 45th AIAA Aerospace Sciences 

Meeting and Exhibit, 2007. 

3] E.Vanderzee, A.N.Hirani, D.Guoy, and E.A.Ramos, Well-Centered Triangulation, arXiv: 

0802.2108v3 [cs.CG] 18 Aug 2009. 

4) D.Vartziotis, T.Athanasiadis, I.Goudas, J.Wipper, Mesh smoothing using the geometric 
element transformation method, Comput. Methods Appl. Mech. Engrg., 197 (4548) (2008), 
3760-3767. 

[5] D.Vartziotis, J.Wipper, The geometric element transformation method for mixed mesh 

smoothing, Eng. Comput., 25 (3) (2009), 287-301. 











Regularization and Energy Estimation of Pentahedra (Pyramids) Using Geometric Element Transformation Method 79 


[6] D.Vartziotis, J.Wipper, Classification of symmetry generating polygontransformations and 
geometric prime algorithms, Math. Pannonica, 20 (2) (2009), 167-187. 

[7] D.Vartziotis, J.Wipper, Characteristic parameter sets and limits of circulant Hermitian 
polygon transformations, Linear Algebra Appl., 433 (5) (2010), 945-955. 

[8] D.Vartziotis, J.Wipper, B.Schwald, The geometric element transformation method for 
tetrahedral mesh smoothing, Comput. Methods Appl. Mech. Engrg., 199 (14) (2009), 
169-182. 

[9] L.A.Freitag and P.M.Knupp, Tetrahedral element shape optimization via the Jacobian de- 
terminant and condition number, in: Proc. 8th International Meshing Roundtable, Lake 
Tahoe, CA, 1999, Sandia Report SAND 99-2288, Sandia National Laboratories, Albu- 
querque, NM, 1999, 247-258. 

10] L.A.Freitag and P.Plassmann, Local optimization-based simplicial mesh untangling and 

improvement, Int. J. Numer. Methods Engng., 49 (2000), 109-125. 

11] L.A.Freitag and P.M.Knupp, Tetrahedral mesh improvement via optimization of the ele- 

ment condition number, Int. J. Numer. Methods Engng., 53 (2002), 1377-1391. 

12] D.Vartziotis, J.Wipper, A dual element based geometric element transformation method 

for all-hexahedral mesh smoothing, Comput. Methods Appl. Mech. Engrg., 200 (2011), 

1186-1203. 

13] P.M.Knupp, Algebraic mesh quality metrices, SIAM J. Sci. Comput., 23 (2001), 193-218. 

14] J.M.Escobar, E.Rodriguez, G.Montero, R.Montenegro, J. M.Gonzalez-Yuste, Simultaneous 

untangling and smoothing of tetrahedral meshes, Comput. Methods Apppl. Mech. Engrq., 

192 (2003), 2775-2787. 

A.Bhattacharyya and B. Pal, Quality Statistics of Octahedron and decahedron with the 

help of C-Programs, Int. J. Pure Appl. Sci. Technol., 1(2) (2010), 26-41. 





[15 


International J.Math. Combin. Vol.1(2014), 80-86 


Algorithmic and NP-Completeness 
Aspects of a Total Lict Domination Number of a Graph 


Girish. V.R. 


(PES Institute of Technology(South Campus), Bangalore, Karnataka State, India) 


P.Usha 


(Department of Mathematics, Siddaganga Institute of Technology, Tumkur, Karnataka State, India) 
E-mail: girishvr1@pes.edu, ushapmurthy@yahoo.com 


Abstract: A dominating set of a graph 7(G), is a total lict dominating set if the dominating 
set does not contain any isolates. The total lict dominating number 7:(7(G)) of G is a 
minimum cardinality of total lict dominating set of G. The current paper studies total lict 
domination in graph from an algorithmic point of view. In particular we had obtained the 
algorithm for a total lict domination number of any graph. Also we had obtained the time 
complexity of a proposed algorithm. Further we discuss the NP-Completeness of a total lict 


domination number of the split graph, bipartite graph and chordal graph. 


Key Words: Smarandachely k-dominating set, total lict dominating number, lict graph, 
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§1. Introduction 


All graphs considered here are finite, connected, undirected without loops or multiple edges 
and without isolated vertices. As usual ‘p‘ and ‘q‘ denotes the number of vertices and edges of 
a graph G. 

The concept of domination in graph theory is a natural model for many location problems 
in operations research. In a graph G, a vertex is said to dominate itself and all of its neighbors. 

A set D CV of G is said to be a Smarandachely k-dominating set if each vertex of G is 
dominated by at least k vertices of S and the Smarandachely k-domination number 7(G) of G 
is the minimum cardinality of a Smarandachely k-dominating set of G. Particularly, if k = 1, 
such a set is called a dominating set of G and the Smarandachely 1-domination number of G is 
called the domination number of G and denoted by y(G) in general. 

A dominating set D of a graph G is a total dominating set if the dominating set D does 
not contain any isolates. The total domination number 7,(G) of a graph G is the minimum 
cardinality of total dominating set. 

The lict graph 7(G) of a graph G is the graph whose vertex set is the union of the set 
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of edges and the set of cut vertices of G in which two vertices are adjacent if and only if the 
corresponding edges are adjacent or the corresponding members of G are incident. A dominating 
set of a graph 7(G), is a total lict dominating set if the dominating set does not contain any 
isolates. The total lict dominating number 7(7(G) of G is the minimum cardinality of total 
lict dominating set of G. 

A vertex cover C of a graph G = (V, E) is a subset C C V such that for every edge uv € E, 
we have u€ C or v € C. A cut-vertex of a connected graph G is a vertex v such that G — {uv} 
is disconnected. 

A stable set in a graph G is a pair-wise non-adjacent vertices subset of V(G), and a clique is 
a pairwise adjacent vertices subset of V(G). A graph is split if its vertex set can be partitioned 
into a stable set and a clique. A graph is bipartite if its vertex set can be partitioned into two 
stable sets. A graph is chordal if every cycle of length at least 4 has at least one chord, which 
is an edge joining two non-consecutive vertices in the cycle. 

In this paper, we obtain the algorithm for a total lict domination number of any graph. 
Also, we had obtained the time complexity of a proposed algorithm. Further we discuss the 
NP-Completeness of a total lict domination number of a graph with respect to split graph, 
bipartite graph and chordal graph. 


§2. Algorithm 


To find the algorithm for the minimum total lict domination set of a graph we use initially, 
the DFS algorithm to the find the cut vertices of a given graph [1], the VSA algorithm [2] to 
find the minimum vertex cover of a graph and shortest path algorithm [3] to find the shortest 
path in a graph. The edges in the shortest path gives a total lict domination set of graph G. 
Then we reduce this to a minimum set which gives the minimum total lict domination set of 
any graph G. 


Algorithm to find the minimum total lict domination set of a given graph: 

Input: A graph G = (V, E). 

Output: A minimum total lict domination set D of a graph G = (V, EF). 

Step 1: Initialize D = ¢. 

Step 2: Label the vertices of a graph G as {v;/i = 1,2,3,4,5,---,n} and label the edges 
of a graph G as {e;/j = 1,2,3,4,5,---,mb}. 

Step 3: Let A={v;/v; is a cut vertex of a graph G(V, E)}. 

Step 4: Compute the set C’ of all minimal vertex covers in G, such that C' does not 
contain vertex of degree one. 

Step 5: FOR the minimal vertex cover set c € C, DO 

Step 6: IF |V(c)| =1. 
GOTO Step 7. 
ELSE 
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Step 7: 


Step 8: 


Step 9: 


Step 10: 


Step 11: 


Step 12: 
Step 13: 
Step 14: 
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IF |V(c)| = 2 and they are adjacent 
GOTO Step 8. 
ELSE 
GOTO Step 9. 
END IPF. 
D=DU{ any two adjacent edges of E(G)}. 
GOTO Step 13. 
D=DU{(e, e;), €: is a common edge incident with V(c) and e; € N(e;)} 
GOTO Step 13. 
Let E; = {eq/e, € E(G), where eg is the set of edges in the shortest path 
connecting all the vertices of V(c) and (£1) # Ky,» if there is any other shortest 
path }. 
K = {e;/e; is an end edge € E;}. 
R= {e;/e; € E(G) — E,/e; is adjacent to kK} 
FOR |E,| 41 or 0 DO, 
Let two edges E = (e;,e;) € E; such that e; € N(e;). 
IF e; € N(e;) and e; € N(ex), where ex or e; is and end edge. 
Then £2 = (e;,an end edge) 
ELSE IF e; € N(e;,ex) and e; € N(e1, em), (€1, €m) F & 
Then F2=(e;, ex) 
END IF 
END IF 
D=DU Ey. 
B= {ep/ep € N(e,e;) in Ey}. 
C, = {e,/er € N(B)NE,—(DUB), e, is not incident with A, e, £ (vi, vj), vi, V7 € 
Ch. 
B= By = (BUO)): 
END FOR. 
IF |E(E1)| = 0 then 
GOTO Step 11. 
ELSE 
D=DU{E, Vej,e; € FE; and e; € N(D)}. 
GOTO Step 11. 
END IF. 
FOR R4¢DO, 
Let any edge in R 
D=DU fer, ex € Ey and ex € N(e;)}. 
R=R- {ei} U {es/es € N(D)}. 
END FOR 
END FOR (from Step 4) 
RETURN D, a minimum total lict domination set of a graph G. 
STOP. 
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§3. Time Complexity 


The worst case time complexity of finding the solution of the minimum total lict domination 
problem of a graph using the proposed algorithm can be obtained as follows: 

Assume that there are n vertices and m edges in the proposed algorithm. 

(i) DFS algorithm [1] to find the cut vertices of a given graph which requires a running 
time of O(mn). 

(it) VSA algorithm [2] to find the minimum vertex cover of a given graph which requires 
the running time of 0(mn?). 

(iti) Shortest path algorithm [3] to find the shortest path connecting the vertices of V(c) 
which requires the worst case of running time of O(m +n). 

: ae 38 Vaeee . : : —1 
(iv) For a FOR loop in step 9 requires the worst case running time of 0( +). 
(v) For a FOR loop in step 11 requires the worst case running time of 0(= - 2)e 


(vi) So the overall time is 


O(mn) + 0(mn?) + O(m +n) +0 (“>) +0 (= - 2) = 0(mn?). 


§4. NP-Completeness of total lict domination number of a graph 


This section establishes NP-Complete results for the total lict domination problem in bipartite 
graph, split graph and in chrodal graph. The transformation is from the vertex cover problem, 


which is known to be NP-Complete. 





Fig.1 A constructed bipartite graph G’ from the graph G 


Theorem 4.1 The total lict domination number problem is NP-Complete for bipartite graph. 


Proof The total lict domination number problem for bipartite graph is NP-Complete as we 


can transform the vertex cover problem to it as follows. Given a non-trivial graph G = (V, E), 
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construct the graph G’ = (V’,E’) with the vertex set V’ consists of two copies of V denoted 
by V and V’, together with two special vertices x and y and whose edges E’ consists of 


i) edges uv and w v for each edge uv € E(G). 
it) edges of the form uu. for each vertex u € V. 


iii) edges of the form u’« for every vertex u € V. 


( 
( 
( 
(iv) the one additional edge ry. 

We claim that G = (V, E) has a vertex cover of size k if and only if G’ = (V', E’) has a 
minimal total lict domination set of size k + (p — k). Let C be the vertex cover of G of size k. 
Let B = {u'x/u € V} such that |B] = k. Let D = BUR, where R = {u'x/u € V — C} with 
|R| =p—k. Then it is clear that, D is a total lict dominating number of a bipartite graph with 
cardinality k + (p—k). 

On the other hand suppose D is a minimal total lict domination set of the graph G’ with 
cardinality k + (p —k). Let A = {u;/v; € V’,v; is incident with e; € D} with |A| = |D|. The 
vertex set A in G’ is V(G), such that A consists of copies of V and V — C and whose vertices 
are adjacent to atleast one vertex of C. So, the graph G has a vertex cover of size k. 














Theorem 4.2. The total lict domination number problem is NP-Complete for split graph. 


Proof The total lict domination number problem for split graph is NP-Complete as we 


can transform the vertex cover problem to it as follows. 


Given a non-trivial graph G = (V,E) construct the graph G’ = (V’, E’) with the vertex 
set V =VUEand EF’ = {uw :uFv,u,v € V}Uf{ve:v € Vee E,v ee}. 


a 
a 
€ e€ 
b 
f d= f 
c 
g g 
d d 
G G' 


Fig.2 A constructed split graph G! from a graph G 


We claim that G = (V, E) has a vertex cover of size k if and only if G = (V ,E’) has a 
total lict domination set of size k + (p— k) — 1. Let C' be the vertex cover of G of size k. Let 
B = {e;/e; € E(G')N E(G), e; is incident with V’ € C and V’ € V—C in G}. Then it is clear 
that B is a total lict dominating set of a split graph with cardinality k + (p —k)—1. 

On the other hand, suppose D is the total lict domination number of the graph G with 
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cardinality k + (p—k)—1. Let A = {v;/u € V’,v; is incident with e, € DN E(G)} with 
cardinality equal to |D| +1=k+(p—k). The vertex set A in G’ is V(G) such that A consists 
copies of V and V —C' whose vertices are adjacent to at least to one vertex of C. So, the graph 











Ghas a vertex cover of size k. 





Theorem 4.3 The total lict domination number problem is NP-Complete for chordal graph. 


Proof we shall transform the vertex cover problem in general graph to the total lict 
domination in chordal graph. Therefore, the NP-Completeness of the total lict domination 
problem in chordal graph follows from that of the vertex cover problem in general graph. For any 
graph G consider the chordal graph G’ = (V’, E’) with vertex set V’ = {v1, v2, 03, va/v € V} 
and the edge set E’ = {v,v2, v2v3, v3va/0 € V} U {ugva/uv € E} U {usvs/uv € Vu F v}. 





ay a2 a3 a4 
a 
b 
Cc 
d 
G G' 


Fig.3 A constructed chordal graph G! from a graph G 


We claim that G = (V,E) has vertex cover of size k if and only if G = (V',E’) has a 
minimal total lict domination set of size 2(k + (p — k)). Let C be the vertex cover of G of size 
k. Let B = {vev3, u3v4/u € V}. Then it is clear that B is a minimal total lict dominating set 
of a chordal graph with cardinality 2(k + (p — k)). 


On the other hand suppose D is the minimal total lict domination number of the graph 
G with cardinality 2(k + (p — k)). Let A = {v3/v3 € V’, v3 is incident with v2v3, 304 € D} 
with |A| = 2=k + (p—k). The vertex set A in G’ is V(G) such that A consists copies of V 
and V — C whose vertices are adjacent to at least to one vertex of C’. So, the graph G has a 











vertex cover of size k. 





§4. Conclusion 


The main purpose of this paper is to establish an algorithm for the total lict domination problem 
in general graph. NP-Complete results for the problem are also shown for split graph, chordal 
graph and for bipartite graphs. 
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Abstract: A function f : V(G) — {—1, 1} defined on the vertices of a graph G is a signed 
dominating function (SDF) if f(N[v]) > 1, Vv € V, where N{v] is the closed neighborhood 
of v. A SDF f is minimal if there does not exists signed dominating function g, g 4 f 
such that g(v) < f(v) for each v € V. The signed domination number of a graph G is 
the minimum weight of a minimal SDF on G and upper signed domination number of G is 
the maximum weight of a minimal SDF on G. In this paper, we obtain the upper signed 


domination number of path, cycle and complete bipartite graph. 
Key Words: Signed (minus) dominating function, signed (minus) dominating function. 
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§1. Introduction 


For all terminology and notation in graph theory we refer the reader to [2]. However, unless 
mentioned otherwise, we shall consider here only connected simple graphs. 

Let G = (V, FE) be a simple graph, the open neighborhood of a vertex v is N(v) = {u: uv € 
E(G)} and closed neighborhood of v is N[v] = N(v)U{v}. For any real valued function f : V — R 
and SCV, let f(S) = >° f(u) and then the weight of f is defined as wt(f) := f(V). 

vues 


A function f : V — {-1,0,1}, is said to be a minus dominating function (MDF) if 
f(N{v]) > 1, V v € V and the function f : V > {—1,1} is called a signed dominating function 
(SDF) of G if f(N[v]) => 1, Vu eV. A SDF (MDF) f on a graph G is minimal if there does 
not exist an SDF (MDF) g (g 4 f) for which g(v) < f(v) for every v € V. 

The minus domination number for a graph G, denoted by y~(G) and defined as y~(G) = 


min{wt(f): f is a minus dominating function on G}. Likewise, the upper minus domination 
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number for a graph G, denoted by I~ (G) and defined as 
I (G) = mazr{wt(f): f is a minimal minus dominating functionon G}. 


The sign domination number for a graph G, denoted by y,(G) and defined as 7,(G) = 
min{wt(f) : f is asign dominating function on G}. Likewise, the upper sign domination 
number for a graph G, denoted by I',(G) and defined as 


T.(G) = maz{wt(f): f is a minimal minus dominating function onG}. 


In [4], Dunbar et.al. characterized the minimal signed dominating function which is as 


follows: 


Proposition 1.1(Dunbar et.al.[4]) A SDF g on a graph G is minimal if and only if for every 
vertex vu € V with g(v) =1, there exist a verter u € Nv] with g(N[u]) € {1, 2}. 


In [5], Henning and Slater posed an open problem to find the good bound for upper signed 
domination number. Towards solving this problem Favaron [6] found the following sharp bound 
for the regular graphs. 


Theorem 1.2(Favaron [6]) If G is a k-regular graph, k > 1 of order n, then 


meee y) if kis even; 
——— odd. 
er a a a 


In 2001, Wang and Mao [1] gave upper bound for nearly regular graphs. 
Theorem 1.3(Wang and Mao [1]) Jf G is a nealy (k + 1)-regular graph of order n, then 


n(k + 2)? 


k2+6k+4 
['s(@) < n(k? + 3k + 4) 


k?+5k+2 


if k is even; 


if k is odd 


and this bound is sharp. 


The next result which was stated in [3] provides the best possible bound for a graph in 


terms of minimum degree 6 and maximum degree A of the graph. 


(6A + 4A — 6)n 
dbA+4A+6 
for 6 odd. Furthermore, if G is an Eulerian graph 


Theorem 1.4(Tang and Chen [3]) Jf G is a graph of order n, thenT,(G) < 


(6A +3A—5+1)n 

2 Oe haa ae 

for 6 even andT,(G) < dbA+3A+6-1 
(5A +2A —4)n 


bA+2A+56 
It is easy to observe that if a graph has a pendent vertex then by Theorems 1.3 and 1.4, 


then T,(G) < 


[', <n which is not a good bound, however, from a survey of literature and to the best of our 
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knowledge, the upper signed domination number of basic graphs like path, cycle, caterpillar and 
bipartite graphs are not known. Thus, in this paper we have find the upper signed domination 
number of path, cycle and complete bipartite graph. 


§2. Upper Singed Domination Number of Path and Cycle 


In this section we give the upper signed domination number of path and cycle. 


Theorem 2.1 For every path P,, of order n, T5(Pn) =n-— 2 =| “ 
Proof If f is a minimal SDF of P,, with weight T',, then 
Ds = |Pr| — |My, 
where Py = {ue V(P,): f(u) = +1} and My = {ue V(P,) : f(u) =—1}. Therefore, 
Tl, =n—2|Myl. 


In order to prove the result it is suffices to show that |M;| = =| . Let n = 5k +1 for some 
non negative integers k and |. Let g: V(P,,) > {-1,1} be a function such that, 


{usi}U {un_2} Vi1 <i< k-1 if k=0,1; 
{Usa} Vil<i<k if k = 2,3,4, 


g= 


and Pr = V(P,)\M,. One can check that given function G is a minimal SDF with |M,| = |= | ; 
Therefore, 


n 
IMs| <|My| = |=]. (1) 
If v; and v; are two vertices in My such that there is no other vertices between v; and 
v; in My. Now, suppose that the distance between v; and v; is less than or equal to two 
i.e., d(uj, vj) < 2. Then there exists a vertex vz; adjacent to v; and v;. Since f(v;) = f(v;) =—1 


f(N[ve]) = fv) + fee) + fos) =-1+1-1<0, 


which is a contradiction to the assumption that f is an SDF. Therefore, d(v;,v;) > 3. 


On the other hand, if the distance between v; and v; is greater than or equal to six 
i.e., d(vj,v;) > 6 then there exist a sub path P; = {uj, vi41, Vita, Vita, Vid4, Vids, °° » Vi4t, Uy} 
for every t > 5, such that all the vertices {vj41, Vito, Vit3, Vit4, Vi-5,°** , Vie} are positive and 
f(vi) = f(v;) = —1. By Proposition 1.1 a SDF g on a graph G is minimal if and only if for 
every vertex uv € V with g(v) = 1, there exist a vertex u € Nv] with g(N[u]) € {1,2}, but 
f (vies) = land f(N[ui+2]) = f(N[vi+3]) = f(N [vi-4]) = 3 (see Figure 1) therefore Proposition 
1.1 implies that f can not be minimal SDF, this contradicts the assumption that f is a minimal 
SDF. Therefore d(u;,v;) <5. 
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vi Vi41 Vi42 Vi43 Vit4d Vit5 Vi+t6 Vi4t Uj 

ii eres o—________e 

-1 +1 +1 +1 +1 +1 41 +1 -1 
Figure 1 


Hence 
3 < d(v;, v;) < 5, 


from this one can conclude that 














IM;| > |=. (2) 
From (1) and (2) 
|My] = =| 
Hence, 
T'5(Pa) =n—2|M;|=n—2 l= | 
Corollary 2.2 For every cycle C,, of order n, Ts(Ch) =n - 2fEI. 


Proof The proof of this corollary can be given by the arguments analogues to those used 











in the above Theorem 2.1. 





§3. Upper Signed Domination Number of Complete Bipartite Graphs 
m 


Theorem 3.1 [f Km», the complete bipartite graph with m <n, thenTs = (m+n) —2 | 5 |. 


Proof Consider Ky,» = (U,W) the complete bipartite graph with partite sets U and W 
having |U] =m <n=|W| (m,n > 2) and f be a minimal SDF with weight ['s(AKmn»), then 


Ds(Kmn) = |Pp| — |Mg| = (m +n) — 2|M5I. 
Where Py and My are as defined in Theorem 2.1. In order to establish the desired result, it is 
sufficient to show that |M/;| = eal 
Let |UM My| =m and |W My| =n-. Since Km,» is a complete bipartite graph with 
m<n, then m~ < > and n7 < ISI: This gives, 
m 
M;| < |= | 
IMsl<|5 
Suppose |My| < eae then there exists a positive integer & such that 


n= [3] 


m-+n-= |=] —k. (3) 
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Consider, 
F(N[wil) = $2 f (us) + Fr) 
uiCU 


= > flu)t+ SS flu) + fw) 


uiéMs uiseMy 
=m—m —m + f(wi) 
=m—2m~ + f(wi) 
m 
=m-—2 =| +2k+2n7~ + f(wi) by equation (3), 


>3 V,w; € W. 


Following the above procedure, we calculate the value of f(N[u;]) 


F(N[ui) = D> f(wi) + fui) 


wiCw 
= SO f(wi)+ SY) flwi) + f(us) 
wiEMy wieMs 


=n—-n —n + f(us) 
=n—2n7 + f(us) 

m 
=n—2 =| +2k+2m~ + f(ui) by equation (3), 
>3 Viuzi € Uz 


This implies that, if |M,y| < =| then f(N[v]) > 3 for all v © V(Km.n) and by Proposition 
1.1 aSDF g on a graph G is minimal if and only if for every vertex v € V with g(v) = 1, there 
exist a vertex u € N[v] with g(N[u]) € {1,2}, but f(N[v]) > 3 for all vu € V(Kmn) hence f 


is not a minimal SDF, which is a contradiction to the assumption that f is an minimal SDF. 


n= [2 


Therefore, 


This implies 


Ps(Km,n) = (m+n) — 2|My| 


mins n)-2[2. 











Hence the result. 
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§1. Introduction 


In the whole paper, G is a simple graph with vertex set V(G) and edge set E(G) (briefly V 
and £). For every vertex v € V, the open neighborhood N(v) is the set {u € V | uv € E} and 
its closed neighborhood is the set N[v] = N(v) U {v}. The open neighborhood of a set S C V is 
the set N(S) = Uses N(v), and the closed neighborhood of S' is the set N[S] = N(S') US. We 
use [9] for terminology and notation which are not defined here. 

Let A be a subgraph of a graph G. A Smarandachely A-coloring yaly(g) : @ — V(G) of 
a graph G by colors in @ is a mapping ya : @ — V(G) U E(G) such that y(u) 4 y(v) if u 
and v are vertices of a subgraph isomorphic to A in G. Particularly, if A = G, such a coloring 
is called a k-coloring of G. A graph is k-colorable if it has a proper k-coloring. The chromatic 
number (G) is the least k such that G is k-colorable. Let x(G) < k < |V(G)|. A set S C V(G) 
with an assignment of colors to them is called a defining set of the vertex coloring of G if there 
exists a unique extension of S to a k-coloring of G. A defining set with minimum cardinality is 
called a minimum defining set and its cardinality is the defining number, denoted by d(G,k), 
for more see [1, 3, 4, 5, 6, 7]. 

In this note we introduce vertex star coloring of graphs as follows: 


If wu and v are arbitrary adjacent vertices in G, then the set of colors that we assign to 
N{v] is different with the set of colors that assign to N[u]. We call this vertex coloring as verter 
star coloring. It is obvious that vertex star coloring does not include the family of graphs with 
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following property: 


du,v € V(G) with N[v] = Nu], for which wv € E(G). 





The chromatic number and defining number of vertex star coloring are called the star 
chromatic number (x*) and star defining number (d*), respectively. 


We make the following observations: 
Observation 1 For every connected graph G of order n > 3, x*(G) > 3. 


Observation 2 If *(G) = 3, then |f(N[v])| = 2,|f(N[u])| = 3 for every two adjacent vertices 
u, v€ V(G) for which f is a star coloring function. 


Our purpose in this paper is to initiate the study of the star chromatic number and the 
star defining number (d*) of cycles, paths and complete bipartite, hyper cube and Cartesian 
product P, x Pm graphs. 


§2. Star Chromatic Numbers 


In this section the star chromatic number of cycle, path, complete bipartite and Cartesian 
product P,, x Pm graphs are studied. 


First, we present a general result as follows: 


Proposition 3 Let G be a graph. Then x*(G) > x(G). 


Proof On the one hand, y*(G) > y(G). On the other hand, it is enough to show that 
x*(G) 4 x(G). Suppose to the contrary. First, we increasingly order vertices of G and color 
the vertex with the least index by 1. Now, we color the remaining vertices by this manner, i.e: 
for the next uncolored vertex, we assign an unused color on its neighbors or a new color if be 
necessary (Greedy algorithm). Hence, a vertex color by y(G) such that its neighbors colored 
by {1,2,---,x(G) — 1}. And a vertex color by y(G) — 1 such that its neighbors colored by 
{1,2,--+,x(G) — 2}. Without loss of generality, we may assume that u and v are two vertices 
which colored by x(G) — 1 and y(G). It follows that the set {1,2,...,.(G)} is the used colors 
on u and its neighbors, and on the vertex v and its neighbors, a contradiction. 














Proposition 4 (7) x*(Cn) =3 where n = 4m. 
(it) x*(C,) =4 where n = 4m +4 2. 


Proof (i) Consider the star coloring function f as follows: 


2 iis odd, 
fu)=<{ 1 i= 4t+2, 
3 1=4t. 


It implies that .*(G) < 3. Hence, by Proposition 3 the desired result follows. 


(it) Define the star coloring function f as follows: 
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iis odd andi 44m +1, 


2 
3 t=4t+2 andi < 4m, 
f(vi) = 
1 i= 4t,4dm-+ 2, 

4 i=4m+1. 


It follows that x*(G) < 4. Now, we show that ,*(G) > 4. It is easy to check that for any 
four consecutive vertices in C,,, namely v;, 0:41, Vit2, Vi-3, we have f(v;) 4 f(viz3). Otherwise, 
a contradiction. Moreover, we must use 3 different colors on any four consecutive vertices. 
Using the star coloring function f in the proof of Part (i), which implies that the vertex v,_1 
cannot be colored by 2. The set of the colors of v4m+1 and its neighbors will be the same as 
the ones of V4m42 and its neighbors. Thus, it can be colored by 4. Hence the desired result 





follows. 











Now, we continue the study of the star chromatic numbers on odd cycle. 


Proposition 5 x*(C,) =4 where n(# 5,7) is an odd integer. 


Proof For n = 5, the star coloring function of Cs can be defined as follows: f(v1) = 1, 
f(v2) = 3, f(vs) = 2, f(va) = 4, f(vs) = 5. 

For n = 7, the star coloring function of C7 can be defined as follows: f(v1) = 1, f(v2) = 2, 
f(vs) = 1, f(va) = 3, f(s) = 4, F(v6e) = 3, f(v7) = 5. 


Let n — 1 = 6t+ 4. Consider the star coloring function f as follows: 





3 i=6t+2,t>1andi=1,3, 
4 4=6t+4, 
f(vi) = 
2 i= 6t,2, 
1 «t=nand iis odd andi 41,3. 


Let n — 1 = 6t. Consider the star coloring function f as follows: 
3. t+=6t4+2,n, 

4 i=6t+4,n—-1, 

2 i= 6tandi=1,n—-3, 
1 iisoddandi¥l,n. 





f(vi) = 


Let n — 1 = 6t+2,n > 9. Consider the star coloring function f as follows: 
3 ¢+=6¢(4+2,t>landi=1,3 
4 i=6¢+4,n—-1, 

2 «t=6t andi = 6t,2, 

1 itisodd andi ¥< 1,3. 





f(vi) = 


Hence, by Proposition 3 and the fact that y(C;,) = 3 for which n is an odd integer, we get 
that x*(G) = 4. 














Proposition 6 (i) x*(P,) =3 where n is an odd integer. 
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(it) x*(Pn) = 4 where n > 4 is an even integer. 


Proof (i) Define the the star coloring function f as follows: 


2 i=2t, 
fu)={ 1 t=4¢41, 
3 i=4t+3. 





This completes the proof. 
(it) Using a same fashion star coloring function f in Part (i), but f(vns2m) = 4. It follows 
that y*(Pr=am) < 4. Now, we consider two cases as follows. 


Case 1 If m = 2t, then, according to the star coloring function f, let f(va2m—1) = 3. It follows 
that the vertex v2, cannot be colored by 2 or 3. Color the vertex v,z_1 by 3, so the vertex vy, 
cannot be colored by 1, 2 and 3. Thus, it can be colored by 4. Hence the result holds. 











Case 2 If m= 2t+1, In the same manner in Case 1 settle this case. 





Proposition 7 x*(Kmjn) = 3. 


Proof Let X = {a,...,%m} and Y = {y1,...,Yyn} be partite sets of Kimn. On the 
one hand, we may define the star coloring function f as follows: f(u;) = 10 < i < m), 
f(uj) =2 <j <n-1), f(un) = 3. Thus x*(Kn») < 3. On the other hand, if we use 
two colors on vertices of complete bipartite graphs, we imply that N[u] = N[v] for every vertex 
we xX andv€Y. So y*(Kmn) => 3. Hence the result holds. 














Theorem 8 ,*(Pn x Pm) =3. 


Proof Let v4; be the vertex in 7th row and jth column. Define the star coloring function 
c* as follows: 
2  j =2 (mod 4) and i is odd or j =3 (mod 4) and 7 is even, 
c*(uij) = 4 3 gj =0 (mod 4) andi is odd or j =1 (mod 4) and i is even, 
1 O.W. 


Hence the result holds. 














The following observation has straightforward proof. 


Observation 9 x*(Q;) =3. 


§3. Star Defining Numbers 


Proposition 10 d*(Cy,x*) =2 where n = 4m. 


Proof Let S = {v,,v3} and define the star coloring function f on S as follows: f(v1) = 1, 
f(v3) = 3. It is easy to check that the remaining vertices are forced to get one color which 
implies that d*(Chaam,X*) < 2. 
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On the other side, it is well-known that d* (Cyan, x*) > x*(G) — 1 = 2. This completes 
the proof. 














Now, the star defining numbers of odd paths are studied. 


Proposition 11 (7) d*(Pn,x*) <m-—1 where n = 2m. 
(it) d*(Pn,x*) =2 where n = 2m+1. 
Proof (i) We define S = {v,|i = 3t +1 and t(> 0) t is even} U {u;|i = 3t, t = 1 and t(> 
3) is odd} U {v,|¢ = 3t + 2 and t is odd} with 
2 i= 3tandt=1 andt> 3 and t is odd, 
f(ui)=4 4 ti=3t+1 andt>0 and t is even, 
3 t= 3t+2 and t is odd. 


(it) Define S = {v1, v2} with f(v1) =1, f(v2) = 2. The rest of vertices orderly get colors 
from v3, V4, °**, Vanti. We know that for every graph G, d*(G,y*) > .* — 1. Therefore 
d*(Pn,x*) = 2 where n = 2m +1. 














Proposition 12 d*(Kin,x*) =n. 


Proof Let X = {a} and Y = {y1,--- ,yn} be partite sets of Ky». Define S = Y with 
flys) =2 (1<i<n-2), flyn) =3. So fla1) = 1. Thus, d*(Kin, x") <n. 
Now, we show that d*(Ki,x*) >. It is easy to check that if we use two colors on n — 1 














vertices of Y, thus one can obtain two different colorings. Hence, d* (Ayn, x*) =n. 


Proposition 13 d*(Kimn,x*) =m where l<m<n. 


Proof Let X = {1,...,%m} and Y = {y1,...,Yn} be partite sets of Km». We define 
S = {x1,%2,...,%m} with f(a;) = 2 (1 <i<m-—1), f(@m) =3 and get the result f(y;) = 
1(1<j<n). 

Now, we show that d*(Kmn,x* = 3) > m. Suppose that we color m— 1 vertices of 
X by two colors, then the remaining vertex of X can be colored by two different colors, a 











contradiction. Hence the result. 





Proposition 14 [fG= Kmn,m<nandm> 1 then 


m c<m, 
d*(Kmne=x*+1)=4 m+n  c¢>max{m,n}, 
n m<ecn. 














Proof The same used manner in Propositions 12 and 13 settles the stated result. 


Proposition 15 (i) d*(P3 x P3) = d*(P3 x Py) = d*(P3 x Ps) = 2. 
(it) d*(P2 x P3) = d*(P» x P) = d*(P2 x Ps) = 2. 


Proof We know that d*(P, x Pm) > x*(Pn x Pm) —1 = 3-1 = 2. It is enough to 
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present a star defining set of size 2 for each of these graphs. Define the star defining sets of 
Py, x P3, P2 x P,, P. x Ps, P3 x P3, Ps x FP, P3 x Ps, as follows: 


#2) ok a ee ee ee a 

’ ’ >) 
3 0 * x 2 * 3 x OK DP ge 3 
De Se ee ae ee a ee a ee 7 
Oe RN | KR OB oS ED 4 PGB eke SOO oe ose 
* * x * * * x kK OK Ok O* 














Theorem 16 [fn is an even integer and n/2 x |m/2| £1, then d*(Ph x Pm) <n/2x |m/2]. 


Proof In the following table, a star defining set of size n/2 x |m/2| is presented. 





ifn = 4k + 2, then a = 2, and if n = 4k, then a= 3. 











Conjecture 17 [fn is an even number and n/2x |m/2| 41, then d*(P, x Pn) =n/2x |m/2). 
Theorem 18 Ifm(k+1)> 4, then d*(Pop41 X Pam4i,x*) < m(k +1) — 2. 


Proof In the following table, a star defining set of size m(k + 1) — 2 is shown. 


#2 & 2% 2: *: Qo 
k * * * x kk * Ox 
#3 *& Box 3 * 3 * 
* * * * kk * Ox 
k *k * 3 x 3 0 * * x 





So, the star defining number is less or equal to this value. 











Conjecture 19 Ifm(k+1)>4 andk<m, then d*(Popsi X Pomsi, X*) = m(k +1) — 2. 
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Theorem 20 If k > 2, then d*(Qz,3) = 2*-? +1. 


Proof First, we show that d*(Qz, y*) < 2*~2 +1. It is well-known that each Q;, is 2*~% 
copies of Q3. We label the vertices of Q3 as the following figure: 


6 
Ls 
ry Pal a 
LA | 
We define the star defining set as the following matrix for which ith row is dependent to 


the vertices of ith copy of Q3 in Qy. Note that at the defining set of Qz, just one vertex gets 


color i and the remaining vertices get color j. 


For Q3: a ar See ae Ms 

a x *k Ox *k Ox 
For Or: z : . 

* J kK OK RK 7 Ox 

a o* J & * J * x 

* kO*k * kK 7 Ok 
For Qs: d : 

* J & kK OK K 7 Ox 

* ok JF kK kK J * 

a * 9 & & 9 & OX 

* J € K OK KR 7 Ox 

* J & KK KR 7 Ox 

ne 3 *k Ox *k Ox 
For Qe. : s F 

* J € Kk OK RK 7 Ox 

* ok J k K J * 

* ok JF kK kK J * 

* J € OK OK KR 7 Ox 
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We know that Q, is constructed by two copies of Q,-1. Therefore, we may give a star 
defining set in general form for the graph as follows: We assign for the first copy as above. 
For the next copy; if in a row of the first copy we define * * j7 * * Jj * *, we may define 
in the symmetric row of the new copy as * 7 * * * * j *, and if in the first copy we define 
* 7 * & & & 7k, We may define in the symmetric row of the next copy we define * * 7 * * j * *. 
Note that in the first row we havei * j * * 7 * * but for the its symmetric row in the new 


copy we define as * j * * * * 7 x. 


Now, we show that d*(Q;,,x*) > 2*-? +1. If k = 2, it is obvious. For completing of the 
proof, first we show that in each Q3 of @, which colored by three colors 7,7,k. Then we have 
just one way to color of each Q3. Let c(i) be the set of vertices with color i. It is easy to check 
that |c(¢)| = 1, |c(j)| = 1 or |c(&)| = 1 is not possible. Because, we cannot find a proper star 
coloring for Q;. Now, let |c(z)| = 2. We have two cases: (a): |c(j)| = |c(k)| = 3. By simple 
verification one can see that this cases also cannot be holden. (b): |c(j)| = 2 and |c(k)| = 4 (or 
symmetrically |c(k)| = 2 and |c(j)| = 4 ). Hence, we may color the graphs Q3, Qa, Qs and Qe 
as follows, respectively. 

Q:[i kj Rk Gk a 


ikjkkjki 


Qa: a 
kj k it it k j &k 
ti kg kk jg k 
kj k it it k j &k 
Qs: ; 
kj k it it k j &k 
i kg kk jg k it 
i kg kk jg k 
kj k i it k j k 
kg k t@ t@ k jo k 
i kg kk jg k 
Qe: 
kj k it it k j &k 
i kg kk jg k 3 
i kjk k ji k i 


kg kt t@ k ji k 
To color of the graph Q, with k > 5, we should color it by the above method, otherwise 
we cannot find a proper star coloring for the graph. We may also replace color 2 with 3, and 
conversely to find a new proper star coloring of Q,. Let S be a defining set of Qx. It is so easy 
that |S| > 3 for Q3. It is well-known that the graph Q, with k > 3 containing of 2*~% copies 
of Q3. Simple verification shows that there exist no copy Q3 of Q, such that SM V(Q3) = 1. 
Because, it is possible to assign at least two star coloring functions. It follows that SNV(Q$) > 2 











where 2 <i < 2*-3. Hence, the desired result follows. 
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§1. Introduction 


The first paper on harmonious graph coloring was published in 1982 by Frank Harary and 
M.J.Plantholt [2]. However, the proper definition of this notion is due to J.E.Hopcroft and 
M.S. Krishnamoorthy [5] in 1983. It was shown by Hopcroft and Krishnamoorthy that the 
problem of determining the harmonious chromatic number of a graph is NP-hard. 

A harmonious coloring [1, 2, 3, 5, 6, 9] of a simple graph G is proper vertex coloring such 
that each pair of colors appears together on at most one edge. The harmonious chromatic 
number y#(G) is the least number of colors in such a coloring. 

The concept of harmonious coloring of graphs has been studied extensively by several 
authors; see [8, 11] for surveys. If G has m edges and G has a harmonious coloring with k 


k 
colors, then clearly, ( ,) >m. Let k(G) be the smallest integer satisfying the inequality. This 


number can be expressed as a function of m, namely 


k(G) = oe = a 


Paths are among the first graphs whose harmonious chromatic numbers have been estab- 
lished. Let P, denote the path of order n. The following fact has been proved [2]. 

If k(P,) is odd or if k(P,) is even and n—-1=k(k-—1)/2—j,7 =k/2—-1,k/2,--- ,k-2, 
where k = k(P,,), then x#(P,) = k(P,). Otherwise, x#(Pr) = k(Pr) +1. 

In this present paper, we find the harmonious chromatic number on Mycielskian graph of 
cycle, path, complete graph and complete bipartite graph. 
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§2. Mycielskian Graph 


We consider only finite, loopless graphs without multiple edges. For a given graph G on the 
vertex set V(G) = {v1,..., Un}, we define its Mycielskian 14(G) [4, 7, 10] as follows: 


The vertex set of u(G) is V(u(G)) = {X,Y, 2} = {21,--- an, y1,°++ , Yn, Z} for a total of 
2n +1 vertices. As for adjacency, we put 

ex; ~ x; in u(G) if and only if uy; ~ v; in G, 

ex; ~ y; in L(G) if and only if uv; ~ v; in G, 

e and y; ~ z in 4(G) for alli € {1,2,--- , n}. 


§3. Harmonious Coloring on Myceilskian Graph of Cycles 


Theorem 3.1 Let n be a positive integer, then 


XH(H(Cn)) = 2n+ 1. 


Proof For any cycle C;,, with the vertex set V(C,) = {v1,..., Un}, we define its Mycielskian 
u(C;,) as follows. The vertex set of u(C,,) is V(u(C,)) = {X, Y, z} = {a1,.--,2n, Y1,---5 Yn, Zz} 
for a total of 2n +1 vertices. As for adjacency, we put 


ex; ~ x; in u(C,) if and only if vj; ~ v; in Ch, 

ex; ~ y; in W(C,) if and only if vu; ~ v; in Ch, 

eand y, ~ z in u(C,,) for alli € {1,2,...,n}. 

The number of edges in y4(C,,) is 4n and all the vertices z,x;, y; are mutually at a distance 
at least 2 and deg(z) =n, deg(x;) = 4, deg(y;) = 3, and so all must have distinct colors. Thus 
we have, x#(u(Cn)) > 2n+ 1. 

Now consider the vertex set V(u(C,,)) and assign a proper harmonious coloring to V(u(C;,)) 
as follows: 


For (1 <i <n), assign the color cj+1 for y; and assign the color c, to z. For (1 <i<n), 














assign the color ¢n414; for 2;. Therefore, y#(u(Cn)) < 2n+1. Hence, yx(u(C,)) = 2n4+ 1. 










QZ 
ZL 





TZ 


104 Vernold Vivin.J 


§4. Harmonious Coloring on Myceilskian Graph of Paths 


Theorem 4.1 Let n be a positive integer, then 
va (w(P,)) = 2n-—1,Vn > 2. 


Proof For any path P,, with the vertex set V(P,,) = {v1,.--,Un}, we define its Mycielskian 
(P,,) as follows. The vertex set of p(Pp) is V(w(Pr)) = {X,Y, 2} = {21,.--, Un, Y1,--+5 Yn, ZF 
for a total of 2n + 1 vertices. As for adjacency, we put 


ex; ~ x; in w(P,) if and only if vu; ~ v; in Ph, 

ex; ~ y; in p(P,) if and only if vu; ~ v; in Ph, 

eand y; ~ z in u(P,) for alli € {1,2,...,n}. 

The number of edges in pu(P,) is 4n — 3 and all the vertices z,2;,y; are mutually at a 
distance at least 2 and deg(z) =n, 2 < deg(x;) < 4, deg(y;) = 3, and so all must have distinct 
colors. Thus we have, y#(j(P,)) > 2n-1,Vn > 2. 

Now consider the vertex set V(u(P,,)) and assign a proper harmonious coloring to V(u(P,,)) 


as follows: 


For (1 <i <n), assign the color cj41 for y; and assign the color c; to z. For (1 <i<n), 
assign the color cy4; for x;. Therefore, ya#(u(Pr)) < 2n-—1,V¥n > 2. Hence, yH(u(Pr)) = 
2n—1,Vn > 2. 

















Figure 2 Mycielskian graph of Ps; with yx#(u(Ps)) = 9 


§5. Harmonious Coloring on Myceilskian Graph of Complete Graphs 


Theorem 5.1 Let n be a positive integer, then 


va (u(K,)) = 2n+1 fornF 2. 
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Proof For any complete graph K, with the vertex set V(K,) = {v1,...,Un}, we de 
fine its Mycielskian u(K,,) as follows. The vertex set of (Kn) is V(u(Kn)) = {X,Y,z} = 
{@1,---,2n,Y1,---5 Yn, Z} for a total of 2n + 1 vertices. As for adjacency, we put 


ex; ~ x; in w(K) if and only if uy; ~ v; in Kn, 
ex; ~ y; in w(K) if and only if uy, ~ v; in Kn, 
e and y; ~ z in u(K,) for alli € {1,2,...,n}. 


3n? —n . 
and all the vertices z,2;, y; are mutually at a 





The number of edges in p(K,,) is 
distance at least 2 and deg(z) = n, deg(x;) =n +1, deg(y;) = 3, and so all must have distinct 
colors. Thus we have, yy (u(K,)) > 2n+ 1, for n # 2. 

Now consider the vertex set V (u(K,,)) and assign a proper harmonious coloring to V (u(K,)) 
as follows: 


For (1 <i <n), assign the color cj41 for y; and assign the color c; to z. For (1 <i<n), 
assign the color cn41+4; for «;. Therefore, yy (~(Ky)) < 2n+1, for n 4 2. Hence, xx (u(Kn)) = 
2n+1, for n # 2. 

















Figure 3 Mycielskian graph of K5 with x#((Ks5)) = 11 


§6. Harmonious Coloring on Myceilskian Graph of Complete Bipartite Graphs 


Theorem 6.1 Let n and m be a positive integers, then 
Xa (i(Kinn)) = 2(m+n) +1. 


Proof For any complete bipartite graph Ky, with the vertex set V(Kmn) = {v1,---;Un}U 
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{u1,-+: , Un}, we define its Mycielskian (Km) as follows. The vertex set of u(Kmn) is 
V(u(Km,n)) = {XA ¥, Y; z} = {z1, Bia: Mints ie pestis eae Yn Yi mals Ue z} 


for a total of 2n + 2m-+1 vertices. As for adjacency, we put 


ex; ~ 2; in L(Kmn) if and only if uy, ~ v; in Kmn, 


eu, ~ x; 


( 
in U(Kmn) if and only if wu; ~ u; in Kn, 
ex; ~ y; in ub») if and only if vy; ~ vj; in Kmn, 
evn yj in (Km) if and only if wu; ~ u; in Kmn, 

e and y; ~ z in p(Km,») for alli € {1,2,...,n}. 
The number of edges in fu(Kmn) is m? +n? +mn+m-+nand all the vertices z,x;, x'., yi, yi 
are mutually at a distance at least 2 and deg(z) = n, deg(x;) = 2m,deg(x},) = 2n, deg(yi) = 
4,deg(y;) = 4 and so all must have distinct colors. Thus we have yx#(U(Kmjn)) > 2(m+n) +1. 
Now consider the vertex set V(js(Km,n)) and assign a proper harmonious coloring to 
V(u(Kmn)) as follows: For (1 <i < n), assign the color cj+1 for y; and assign the color c to z. 
For (1 <i < m), assign the color cn414; for yj. For (1 <i < m), assign the color ¢n4m414i for 
y,. For (1 <i <n), assign the color Cam4n+41+4i for x; Therefore, xx ({(Kmn)) < 2(m+n) +1. 
Hence, X47 (4(Kimjn)) = 2(m+n) +1. 














Case 1 





Figure 4 Mycielskian Graph of K3,3 with ya (u(K3,3)) = 18 
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Case 2 





Figure 5 Mycielskian Graph of Ko,3 with yq(u(Ko,3)) = 11 


§7. Main Theorem 


Theorem 7.1 Let G be any graph without pendant vertices, then 
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Abstract: An ecologically industrial system is such an industrial system in harmony with 
its environment, especially the natural environment. The main purpose of this paper is to 
show how to establish a mathematical model for such systems by combinatorics, and find 
its topological characteristics, which are useful in industrial ecology and the environment 


protection. 
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§1. Introduction 


Usually, the entirely life cycle of a product consists of mining, smelting, production, storage, 
transporting, use and then finally go to the waste, ---, etc.. In this process, a lot of waste gas, 
water or solid waste are produced. Such as those shown in Fig.1 for a producing cell following. 


materials products 


TPS irk a a pet ge a wastes 


Fig.1 


In old times, these wastes produced in industry are directly discarded to the nature without 
disposal, which brings about an serious problem to human beings, i.e., environment pollution 
and harmful to our survival. For minimizing the effects of these waste to our survival, the growth 
of industry should be in coordinated with the nature and the 3R rule: reduces its amounts, reuses 


it and furthermore, into recycling, i.e., use these waste into produce again after disposal, or let 


1Received November 25, 2013, Accepted March 10, 2014. 
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them be the materials of other products and then reduce the total amounts of waste to our life 
environment. An ecologically industrial system is such a system consisting of industrial cells in 
accordance with the 3R rule by setting up one or more waste disposal centers. Such a system 
is opened. Certainly, it can be transferred to a closed one by letting the environment as an 
additional cell. For example, series produces such as those shown in Fig.2 following. 


product1l product2 





materials product3 










disposal 


Fig.2 
Generally, we can assume that there are P;, P2,--- , Pm products (including by-products) 
and Wi, W2,--- ,W, wastes after a produce process. Some of them will be used, and some will 


be the materials of another produce process. In view of cyclic economy, such an ecologically 
industrial system is nothing else but a Smarandachely multi-system. Furthermore, it is a 
combinatorial system defined following. 


Definition 1.1({1],[2] and [9]) A rule in a mathematical system (X;R) is said to be Smaran- 
dachely denied if it behaves in at least two different ways within the same set X, 1.e., validated 
and invalided, or only invalided but in multiple distinct ways. 

A Smarandachely system (5; R) is a mathematical system which has at least one Smaran- 
dachely denied rule in R. 


Definition 1.2((1],[2] and [9]) For an integer m > 2, let (X1;R1), (H2;Ra), +++, (Um Rm) 
be m mathematical systems different two by two. A Smarandache multi-space is a pair (=: R) 
with 


H=[ Jy, and R=(JR.. 
i=1 i=1 


Definition 1.3((1],[2] and [9]) A combinatorial system GG is a union of mathematical systems 


(1; R1),(H2; Ra), +++, (mj Rm) for an integer m, 1.e., 
Co = (U di} U Ri) 
i=1 i=1 


with an underlying connected graph structure G, where 
V(G) _ {X1, da, (oN , Um}, 


E(G) = { (2,55) | Ei) 2y 40,1 < i, 9 < m}. 
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The main purpose of this paper is to show how to establish a mathematical model for 
such systems by combinatorics, and find its topological characteristics with label equations. In 
fact, such a system of equations is non-solvable. As we discussed in references [3]-[8], such a 
non-solvable system of equations has significance also for things in our world and its global 
behavior can be handed by its G-solutions, where G is a topological graph inherited by this 
non-solvable system. 


§2. A Generalization of Input-Output Analysis 


The 3R rule on an ecologically industrial system implies that such a system is optimal both in 
its economical and environmental results. 


2.1 An Input-Output Model 


The input-output model is a linear model in macro-economic analysis, established by a economist 


Leontief as follows, who won the Nobel economic prize in 1973. 


Assume these are n departments D,, D2,--- , Dy, in a macro-economic system / satisfy 
conditions following: 


(1) The total output value of department D; is z;. Among them, there are 2;; output 
values for the department D; and d; for the social demand, such as those shown in Fig.1. 


(2) A unit output value of department D; consumes t,; input values coming from depart- 


ment D;. Such numbers t;;, 1 < i,7 <n are called consuming coefficients. 





Fig.2 


Therefore, such an overall balance macro-economic system Y satisfies n linear equations 


j=l 


112 Linfan Mao 


for integers 1 <i <n. Furthermore, substitute t,; = x;;/x; into equation (10-1), we get that 
n 
j=l 
for any integer 7. Let T = [tij|jnxn, A =Inxn —T. Then 
Az =d, (3) 
from (2), where % = (1, 22,-+* ,%n)", d = (di, do,-++ ,dn)? are the output vector or demand 


vectors, respectively. 
For example, let & consists of 3 departments D,, D2, D3, where D,=agriculture, D2= 


manufacture industry, D3=service with an input-output data in Table 1. 


D, 20 30 100 


10 | 45 200 
/ 150 





Table 1 


This table can be turned to a consuming coefficient table by t,; = x;;/x,; following. 





D, 

Do 

D3 

Table 2 
Thus 

0.15 0.10 0.20 0.85 —0.10 —0.20 
T=] 0.30 0.05 0.30 |, A= I[3x3—-T= | —0.30 0.95 —0.30 
0.20 0.30 0.00 —0.20 —0.30 1.00 


and the input-output equation system is 


0.8524 — 0.1022 aT 0.202x3 => dy 
—0.3021 + 0.9522 — 0.3023 = de 


Solving this linear system of equations enables one to find the input and output data for 


economy management. 
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2.2 A Generalized Input-Output Model 


Notice that our WORLD is not linear in general, i.e., the assumption t,; = #;;/x; does not hold 
in general. A non-linear input-output model is shown in Fig.3, where % = (41;,%2i,--- ,£ni), 
Dy, Dg,---, Dp are n departments, SD=social demand. Usually, the function F(Z) is called 
the producing function. 





Fig.3 


In this case, an overall balance input-output model is characterized by equations 
n 
F(z) =o ai + di (4) 
j=l 


for integers 1 <i <n, where F;(%) may be linear or non-linear and determined by a system of 
equations such as those of ordinary differential equations 


ie + ene” +--+ + Gn-1Fi + an = 0 





l<i<n (OES") 
= ai = 1 n—-1 
Filing = 90 | = er Fh | eg = ent 
or oe 
aes t aie "is aepige: =: 
Leen OL 1(t, £1, »Un—-1;P1, »~P 1) (PES!) 
Fil stg = £0(X1, %2,*** ;Ln—1) 


which can be solved by classical mathematics. However, the input-output model with its gener- 
alized only consider the consuming and producing, neglected the waste and its affection to our 
environment. So it can be not immediately applied to ecologically industrial systems. However, 
we can generalize such a system for this objective by introducing environment factors, which 
are discussed in the next section. 
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$3. A Topological Model for Ecologically Industrial Systems 


The essence of input-output model is in the output is equal to the input, i.e., a simple case of the 
law of conservation of mass: a matter can be changed from one form into another, mixtures 
can be separated or made, and pure substances can be decomposed, but the total amount of 
mass remains constant. Applying this law, it needs the environment as an additional cell for 
ecologically industrial systems and replaces the departments D;, 1 <i <n by input materials 
M;, 1<i<nor products P,, 1 <k<m, and SD by W;, 1 <i < s = wastes, such as those 
shown in Fig.4 following. 








Fig.4 


In this case, the balance input-output model is characterized by equations 
n s 
F(@) => 025 - > Ws: (5) 
j=l i=1 
for integers 1 <i <n. We construct a topological graphs following. 


Construction 3.1 Let Y(t) be an ecologically industrial system consisting of cells Cy (t), Co(t), 
+++ ,Ci(t), R the environment of Y. Define a topological graph G|_Y| of Y following: 


= 

S 

ss 
I 


{Ci(t), C2(t), eens Ci(t), By} 
{(Ci(t), C;(t)) if there is an input from C;(t) to Cj(t), 1<i,j <0} 
LCi), R) if there are wastes from C(t) toR, 1<i< J}. 


& 

S 

ss 
I 


Clearly, G[,Y] is an inherited graph for an ecologically industrial system .Y. By the 
3R rule, any producing process X;, of an ecologically industrial system is on a directed cycle 
C= (Xi,, Xig,°+ , Xi,), where X;, € {Ci, 1 <j <1; R}, such as those shown in Fig.5. 
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Xi, (t) aes X;, (t) 


Fig.5 


Such structure of cycles naturally determined the topological structure of an ecologically indus- 
trial system following. 


Theorem 3.2 Let Y(t) be an ecologically industrial system consisting of producing cells 
C1(t), Co(t),--- ,Ci(t) underlying a graph G[_Y (t)]. Then there is a cycle-decomposition 


for the directed graph G | _Y (t)] such that each producing process C(t), 1 <i <1 is on a directed 
=> 
circuit Cz, for an integer 1 <i<t. Particularly, G[Y (t)] is 2-edge connectness. 


Proof By definition, each producing process C;(t) is on a directed cycle, which enables us 
to get a cycle-decomposition 














ea F()] =U En. 


Thus, any ecologically industrial system underlying a topological 2-edge connect graph 
with vertices consisting of these producing process. Whence, we can always call G-system for 
an ecologically industrial system. Clearly, the global effects of Gj-system and G2-system are 
different if Gi % G2 by definition. Certainly, we can also characterize these G-systems with 
graphs by equations (5) following. 


Theorem 3.3 Let consisting of producing cells Cy(t),C2(t),--- ,Ci(t) underlying a graph 
GLA (t)]. Then 


Fotws te Nesey) = DE (1PM aw 
wENE Lg (x) (0) 


with O(v,w) = 1 if uw =product, and —1 if xy »=waste, where Nets wp Nove are the in or 
our-neighborhoods of vertex v in G [Y(t]. 


Notice that the system of equations in Theorem 3.3 is non-solvable in R4+! with A the 
maximum valency of vertices in G[_Y (t)]. However, we can also find its G [_Y (t)]-solution in 
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R4*1 (See [4]-[6] for details), which can be also applied for holding the global behavior of such 
G-systems. Such a G'[_Y (t)]-solution is not constant for Ve € E(G[Y(t)]). For example, let a 
G-system with G=circuit be shown in Fig.4. 


U1 v2 
Ly, 


U3 





Fig.5 
Then there are no wastes to environment with equations 


Fy (%o;) = 2,5, 1<1<6, where? mod6, i.e., 


Vi+6 


pie = 1 for any integer 1 <7 <6. 


If Fy, is given, then solutions x,,, 1 <7 < 6 dependent on an initial value, for example, 
Ly; |,-9) 1-e., one needs the choice criterions for determining the initial values x,,|,_). Notice 
that an industrial system should harmonizes with its environment. The only criterion for its 


choice must be 


optimal in economy with minimum affection to the environment, or approximately, maxi- 


mum output with minimum input. 


According to this criterion, there are 2 types of G-systems approximating to an ecologically 
industrial system: 


(1) Optimal in economy with all inputs (wastes) W,.,W,.,---,W,, licenced to R; 


(2) Minimal wastes to the environment, i.e., minimal used materials but supporting the 


survival of human beings. 


For a G-system, let 


c= ye c(tuy) and cf = S- (—1)9) o(tyw) 


= + 
uN Gg (ey) WENG rg (ty) () 


be respectively the producing costs and product income at vertex v € V(G). Then the optimal 


function is 
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veEV(G) 
=! ae CFO Melow)— YI el@uv) 
vEV(G) \ WENS g(x) (0) weg wo) 


Then, a G-system of Types 1 is a mathematical programming 


max S- A(G) but = Wri < We, 
vEV(G) vEV(G) 


where we is the permitted value for waste W,.; to the nature for integers 1 <7 < s. Similarly, 
a G-system of Types 2 is a mathematical programming 


min S- W,; but all prodcuts P> pt, 
veEV(G) 


where P¥ is the minimum needs of product P in an area or a country. Particularly, if WU = 0, 
i.e., an ecologically industrial system, such a system can be also characterized by a non-solvable 
system of equations 


Fy (uy, U € Necsn)) = ye Lyw for Vu € V(G). 


e 
WENG rg (ty) () 
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I want to bring out the secrets of nature and apply them for the happiness of 
man. I don’t know of any better service to offer for the short time we are in the 
world. 


By Thomas Edison, an American inventor. 
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